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CHAYN REACTION OF PURE FISSIOHABLE MATLRIALS IN SOTUTION
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T the chamice!l sepeThilon plent, 49 mey occur in water
solutin or mixture. We must know in what quantities and concentra-
tions the mixture would meke a self sustaining chein reaction. Agein,
homojensous mixtures of 45 {or 25) with suitable moderating media
migit be used as seeds in a preduction plant or as power producing
un’ts themselves. Por theso reasoms, tho critical mess of 49 and the
critical dimensions of homogensous mixturszs of 49 with various modera-
ting medla have been calculated as a function of the concentration of
49." The external boundary was ireated as completely absorbing.

%*®

(Note: We are indebted to Oppemehimer for a letter from him received
Decembar 31, 1942 describing the results of siwmilar calculations made
irdependently by himself and Serber. We are teting the liberty to quote
frew this letter: "For a solution of 25 in water surrounded by a water
ceze the optimal ratio of 25 absorption to hydrogsn absorpticn is 2.9
and the mess of 25 is about 700 g. I regard this value as not too sure
sirce sime other calculations based on a slightly aiffersnt treatment

of the siowing down gave 450 g instead. A half a kg is a pretty good guess.
For 4% the ebsorptien ratio will be very closely the same and thus the
mass mey Le about one-half es great. TWe have also lookasd at the boiler
surrounded by crdinary uranium instead of water, but it seems doubtful
whether this will reduce the amount of material needed. Because of the
shorter slowing path some gain can be expected by using a saturated
hydrocarbon or paraffin instesd of water. .............1l0-g lots

of 49 sesmgdisafe.......lespscially in view of J........the iniocuous
character of the phenomena should the reaction start during pracipite-
tion or centrifuging ......... ...... Wel have handled the priblem...
.....@sing....differential diffusion theory for the slow neutrons.....
Otherwise the treatment is standard.”

Since the function of the moderating medium is to slow the
fission neutrorns, it is apparent that the critical size will bs of the
order of the slowing down distance. The minimum concentration of 49
will be such that only one of the 2.2 neutrons per fission will be
absorbed by 49, the thermel neutron absorption by 49 will be about
squal tc that by the moderator. The optimum concentration (minimum
critical mass in a& sphere) will be about three times this minimum.

Por high concentrations of 49 the fast neutron reactiow contri-
bute appreciably. This effect has been treated as & small increesse in V,
the number of neutrons per fission. This of course underestimetes the
effact and overestimates the mass at very high concentration, where the
contributicn from fast fission is not small.

Except for the corrections at high ooncentrations, the results )
for 25 or 23 can be obtained by multiplying the masses end densities by Ve
1.7 and 1 respectively. -
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mhe diffuricn equestlon is written :Z——

Dn +K_Pt1_;§-_]_"_n=0 (l)

where n it the neutron density, Py is tThe probability of a nsutron

heing s owed %o thermal energies belore leeking out, k is the re-

pruduciiva fagvor Jor oan infiuite medium, and L is the thermal dif-

gﬁsion length. If the solution (for a sphere) is written Sin Kr
en r

21 = x P(K) -1 (2;

Lot the concentration of 49 be measured by

thermal ebscerption by 48 per unit volums

* % Zhermal absorpticn by moderator per unit volume
2 L

: (63 2 ) = _,Q

e (e« L2l @)

5 Ogi
where Lg is the thermal diffusion?&ength in the pure moderator and
T g (M) and st (M) are respectively the thermal absorption and thermal -
gcasteving crocs-sections of the moderator. The second term in the
dgenor “1ator i3 a usually neglisilLle correction to the total cross-section.

it iec assumed here that the presence of the 49 does not appreciably change
, she muwnae ol hydrogen nuclei per cm® of soiution. 4Also
; . p .
; X = _Ye X
l +x (4)

vhere Vois the effective number of neutrons per thermal fission of 49
ard ircluces the muitiplication of neutrons by fast fission. We have
taken

R e e

5.5 Opul) Tup(49)

§ asr(M)  oat(49) Pl(K)x] ,.
= (5)

Vg = V |1+ (V1) x

T ST B

¥ The fast fission was supposed to include the range where the fission
cross-saction is esseptinlly constsnt. i.e.., from 10,000 e.v. where the
1/v lew meets the fast noutron cross-section of 1 up to fission energies.
. The numbsr of collisions was then H5:86 . Pl(K) is t@z avg;gre urobabil-
} ity of escaping leakage for thess e.gergiesc Thenngaﬁészﬁ%vt-x

; . , i ) B vae s O ) s 755)

; oives tihe probadility that a ccllision results in fission. Here

' % refers 5o thermal neutrens and £ to fast neutrons, G N x

igs only a messure of the concentration of 49. T (49)

Substituting (3), (4), (8), in (2) we get. ) )

2, 2 r
KL ' 5@ (W) ToF (49) 0

L2 = + V-/ X : ted (d (2 X P(' T . /74.;{

[rpb % (09) ) § e 3 (43) PR - (177)

b

T G (W)

Expending the denomirnator on the lef%, we get a quedratic equation for x.

wa )
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Then Fermi's concept of neutron age applies in the slowing ,
dow: procedure, so that the distribution of nascent thermal neutrons L
frem a point source of fast neutrons cen be writteén e- 2% *, then
RAK) 2 o-K"T  and PK) = e K2 where § is e
*he appropriate age of the fast neutrons making fast fission. “In
water, the distribution of energetic neutrons from a fission source
is 7:.,1’ e 7 . After the first few collisions the distribution
spreads in an approximately Gaussian manner with an age 2~ from this
lower energy to thermal energies. This consideration leads to < , -
R(K) = ti’z’;v"ifé and?g(,(/l}x %ﬁ&e-/(“‘?'

The equation (7) for x was solved for various values of ¥, * *
Then the density of 49 which is proportional to x is known as a function
of the critical dimensions of the mixture. For a sphere & = ?7— Ty it
for a cylinder of infinits length "% = LeHL ., and for
& slab the thickndss 7= 2- . . Y ,
This permits calculation of the critical mass, mass/¢m, and mass/cm® of s
49 respectively for sphere, cylinder, and slab as a function of the * L
density of 49 or as a function of the dimensions. Exce;;t for the #*

region of large density, the critical mass of 25 or 23 1s greater than -

thet of 49 by the factor Zat &Y or 90t %Y i.e.,by 1.7 ol for the U
d:zt (&‘f) . d;t (‘15) “ C '71";;»‘.; “ -

same dimensions of mixture.

-We took V= 2.2, G (49) = 1 x 10-24cp? (fast fissi_O"’;) i

e (49) = 1090 x 10~24cn?, S i
Water: g, ) = 0,4 x 107240n?, £ % ) = 7.6 x 10,24‘”“2: -

¢ o ‘ ‘.‘4 :
Tt ) =45 x107%%n?, . 27 0n, 2P -8.5cnf, .

T = 10.7 em2. -

These constants give for the ratio x the relation

- 2 22 A/'z/'z -/ _.dd Y4 Ao A

—4 é”z;ﬁl} e- x&f, . GZCZ .é_d;(,:_z(—'{e —/f3~/.t\’/o /‘f/iz B -,:'
L gL ’ 5 o
where the density of 49 in gm/cm3 is : N B I

37 x & v
72 Fro0 £ = 00977k, L

7«/0

In fig. 1 is plotted the critical mass of 49 in a spheré of water as
a function of the density of 49, Fig. 2 is the critical mass of 49 as a " ...

Q?fﬁ 4o ‘
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function of the radius of the sphere. Fig. 3 is the critical mass/cn
of 49 as a function of the radius of the infinite cylinder containe:.
Fig. 4 is the critical mass/cm? of 49 as a function of the thickness
of the slab of mixture. Fig. 5 gives mass of 49 contours for gpherical
geometry on a f -R plot.

Heavy Water F assumed = 10

. -2 9 Cead T 26k
‘O;CW) =. 005‘71/0 fa;{ W}:d,i}X/a < c;«:f %-t(M)’ 283 xr0
o2
La = /940 anv&’ 7~= /30 a«,"" ’ ?;' = SO c«_._,"

This choice of constants gives

2 2
s _ 43 Ve v ave
345 xs0 e D gt +/';"Z¢' -/ v—-.z..z7x10'3//'l{‘/1
~(1 1577 = p o |
' , 23? X .0057

[N

= /39 xm'd.?‘

Fig. 6 gives the critical mass of 49 as a function of its
density in heavy water.

Graphite -
(aGoT, £ = 1.62)

S -R¥ a2
Tt ™) = 00493 x s0-%%e,, 2 L, ) = TS x 10 e

’

a2y 2
Tt O . yyyioun® L7 2520 e Tz370c T /3500l
) '. . el ’ ’ -

/,

These values give

\:
( 2 ) 2 i
2 - N -2 ﬁxﬁ‘(y%i} ,;
4.2 Xlo‘l/e",'g"( 7-%.2 *Z_a‘z e —/ F LS X0 rd A q\§

fz‘ 37X . 00493 x /L2
7 = '2 x 1090

-4
x = /¥4 xo X

Fig. 7 gives the critical mass of 49 as a function of its
dsnsity in graphite.
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Chain Reaction

An smount of 94 greater than the critical mass will not be
chain reactive when diluted with a sufficiently lérge quantity of wuter,
2s the weter evaporutes asway, e concentration will however be -reached
et which the effective multiplication factor will exceed unity by a
small amount. The neut.on density will thereupon increase from a ne;2t-ible
value to a figure sufficient to produce a very appreciable liberaticn of
heat. The recoiling fission frazments will impert their enargy to th.

i : N
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veter in a time of the order of magnitude cf 107 =11 s8c., short in
comparison with the time of reyroduction of ane generation, «v 107" sec.
Consequently the rate of rise of the temperature of the water will.-res.ond
at once to the level of nsutron density. As the temperature rices, the
density of the water decreases. The leakage of neutrons is consaquently
increased. The effective multiplication factor drops to unity. The
neutron density becomss statlonery for a short interval. Heit is et
| this moment being produced at its meximum rate. The multiplication factcr
“to rall and drops appreciably below unity. The neutron density diea off
only after a finite time interval. An additional temperaturs rise occurs
on this account, At the end of the first act the temperature of the

water hes risen by a finite amount, the multiplication factor is less

then unity by a finite amount, end the reutron density is again negligitle.

The water will begin to cool. The density will increase to
ti.e point where there will be a second, smaller, surge of activity, &
reheating of the solution, end a repetition of the first cycle of evente.
The second cycle will be followed by a third, a fourth, etc., each of
decreasing amplitude. Finally the solution will settle down to a steady
state. [or the given compositicn there will be a critical density for
vhich the effective multiplication factor will be exactly unity: Cor-
responding to this density will be a critical.temperature at which tha
solution will maintain itself. Vhatever heat is lost cowing to the
temperature difference between water and surroundings will coustantly
be made up by the nuclear reaction. Thes solution acts as a thermostat.
Well insulated, it prouuces a negligible amount of heat. Penetrated
by ducts arranged to ;ive the .aaximum possicle transfer of heat to a
suitable cooling fluid, the solution acts as a poer plant whose out-
put veries over a range whose limit is set entirely by the possibilities
for heat transfer. In order that the working temperature should rema.a
constant in such a low temperature plent, it is naturally necessary zh.t
further evaporation of the water should bs prevented and consequent'y
that the solution should be enclosed.

When the solution is not enclosed, further-eveporatiocn will
tzke place as time goes on. The concentration of $4'will slowly in:rsase,
the critical temperature will rise. More heat will be transferred %o %he
surroundings per unit of time. Consequently the nuclear recction will
have to proceed at a higher rate in order to -aintain the tempersature
at the critical level.

After a time determined entirely by the rate of evagoretion,
the solution will reach the boiling point ana bubbles will form. The
rate of evaporation will thereby be .resatly increesed. In contrast to
the previously discussed stage of events, where the rate of evajoraticn,
and consequently the rate of temperature rise, depended upon such ex-
ternel factors as air velocity anu humidity, the present occurences

will bz acre arly ivaepsndient of cimtitions sulsicé %2 solution; &ud X
will run throubh their course in a much shorter time. -"The nuclear re- o
aclicn will be maintained ut u level to balance the losses of hest -
throu-h evapcration by adjustment of the density, as tefore. How, f/{o,é
D A i ’ »
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however, the density will be cortrolled, not by the tempsreture,
which remeins consitent, but by the proportion of bubbles to liguid.
Let the sclution lie at the bottom of a large vessel. If the opening
at the top is large, the rate of loss of heat through evaporation

will be greast. The solution will quickly boil down. The concentra-
tion of 94 will rise to a level where the sclution is no longer chain
reactive and the boiling will stop, the solution cool off. If the
opening at the top of the container is small, the seme chain of

evants will raequire a longer stretch of time. In both cases the total
liberation of nuclear emergy will be the s ame and will equal the latent
heat of evaporation of the excess water. To liberate & roally large
quentity of peat, the system will be designed to avoid any nst loss

of water. Fresh water may be pumped in et the bottom énd steeam removed
at the top ¢f en othsrwise closed container. Such a boiler is safe,

for operation will cease shortly after the flow weter is cut off. Even
if the stean outlet is blocked by mistake, an explogion will not neces- _
sarily cccur. Boiling indeed will soon cease but evaporation will

build up the vapor pressure of water in the free space at the upper

pert of the container. The resulting increase in concentrastion of the
golution will suffice to stop the chain reaction before the pressure : !
reaches a dmgerously high level, provided that the vessel is suf- e ?
ficisntly larzes ‘

Quintitative relationships between critical mass anddansity
and inducod vadicactivity will supplement the forsgoing qualitative
picture of & chain reaction in en aqueous solution of 94. When boiling 1
is possibie, the solution by frothing will adjust its density so that
the sffective factor of multiplication is very close to unity for the ‘
given relat.ve concentrations of 94 and moderator. A dscrease of density . f
by the factor £ from the normal value /2 to the new valus of /A /f will R |

noereass e:1 mean froe paths by the same factor f. The new solution
will have the same leakage, and therefore the same effective multiplica- W
tion factur, as the system of normal density, if all its linear dimensions
are incrsased by the factor f£. The critical mass required for a chain .
reaction in the frothing solution will therefore be greunter than that for ﬁﬁ
the norual solution by the factor (1/£)f3 = £2, provided that the boiling
expand:. all the dimensions of the nass by the same factor. Actuslly we i
will T8 more interested in the case where the liquid lies in a rigid tank Pp
whoso diameter is much greater than ths depth of the solution. The a!
neut.onic leskege will be indspendent in first approximation of the Rt
diereter. Consequently a solution whose density is low by the factor £ \ :
wi'l only have to have a depth greater by the same factor £ if it is to |
hrve the same effective multiplication factor as a solution of ncrual A
7ensity. The critical masses of the two solutions will be related by 1
the factor f/f or in other words will be equal. Consequently the stabilizing
action of the frothing is not apparent in the first approximstion. Actuelly
a sheilow solution of normal density, having appreciably mcre than the
critical mass, will have to boil up until its de;th is comparable with d
the diameter of the tank before the neutron density reaches equilibrium. .
Introauce the symbols H
i

k, multiplication factor 3
£. effective mi_ ration area
D,
h's
r

diameter of tank
h, » height of nermal, of boiling solution

PRI

= h'gh, critical mass for boiling solution relstive to /// S
Y
, 4!;%&1'

norngal solution.

1
b,
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, and fof the frothing solution
o) /)P e ko v/ gt

Multiplyinémghfoﬁgh §heffirst equation by (h'D/4.8096 £)%, the second
by (h*'D/4.8 “," equ t}gg;}g t hand pumbers and solving for h', we find

“(7 D/4.80%6)%
as relation’connecting effective height of the frothing solution with
the ratio, r, of its'mass to the uass of a solution of normal density
and the same’ concentration'ratio, which is sufficient in smount just

to be on the verge of reacting when lying in a vessel of the diameter D
filled to the height h.”:When D is very large in comparisofi’with h, and
the factor,’ ¥, of excess over the critical mass for normal density is
considerable, the solution will boil up to ‘a height, h’, approxim tely
. ©qual to 0,654 'rD, provided that the tank is not closed. . = - o

ction gives the condition

3 s

+ 1’_:—zha} =

B A L T TR S
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: . TVhen free boiling is possible, the total energy released by
nuclear fiqsipn{Willﬁpé;vary;ljttle more then that required to evaporate
off the excess water d raise the concentration of 94 to a stable value.
Undsr these cenditions the integrated dosage due to exposure to gamma reys
can easily be estimated in order of magnitude. 0f the energy release
of «1 200 Mev per fission,'an amount of the order of 15 Mev will be given
out in the form of gamma radiation. For every liter of water boiled
away, the integrated dosage in roentgen units at sm unshielded point

at a distance of x' imeters will be given by the product of the
following factorss’ 2

1000 grans per- liter .
940 celories per  gm, latent heat of evaporation

4.18 x 107 prgs[?alpgiefc_

15/200 _fraction of energy in gemma rays

1/4/7%x° fraction passing through 1 cm® at x em

8.5 x 10-5 fraction of energy of one quantum converted
‘i #7w 7l into” eléctronic energy inlcentimeter (factor
;*;'"1 . . nearly independent of energy from 2 Mev to

© w10 70,000 ev). i
300/32 e.8.u.”of ion pairs produced by 1 erg when 32 ev
will make one ion pair.

) Multiplication gives 4.4 x 107/(x in cm)2 e.8.u. of charge

per an® of normal air at a distance of x om, per liter of water boiled
away. An unshielded individual 10 meters from a solution from which 1
liter of water boils away without warning will get an integrated dosage
of 44 roentgen units. This figure in itself is not considered dangerous.

ever, neutrons escaping from_th

S

» unit will add somewhat to the dosaga.

BT TP
e Mmoo

Absorption of gamua rays inm, the solution will reduce the e ffect. [ow- | },;/“i;-"?‘
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n enerbetic neutron to eucape from the
~solution wlll'be of the fder -' :

dspth of solution corresyondinb “to the

‘we estimate that 1/20 of the fast secondsry .
n 'averaoe .evergy of the general order of N

[ ut‘ the dosabe, vwe shall tuke the physiological b
'aﬁaxnputrons to be equal if equal amounts of energy ;
are liberated per ‘om body, tissue ~- or water -- an assumgtion that “
nay be in error by a 88 a factor of 3. Then when the energy of b
fission evaporaﬁea one’ 1iter of water, the effoct of the neutrons trans~

lated into toentgen ‘units w:lll‘ba biven roubhly by the product of the - I
followinb fa tora

effecta of'gamma ray

fractlon of energy carrled by energetic ;
et ‘escaping neutrons (v =2.2) 3
1/' zrx » fraction strlklng cm2 at x cm.,“."‘__w L

K

167

approximately ayerage fractlon of energy convertad into energy

of 'recoil prbt per cm of path of a neutron through'vafar
vapor of same dens;ty as standard air. L

300/32 8.8.Ua ‘of ion palrs produced by one erg when 32 ev will
make one 1on pair°

N’ultipllcation ives 2. 4 x 106/(x in cm) as owr order of
magnitude estimate for’ thg number of equivalent roentgens of dosage
produced by the neutrons’eﬁ;tted durlné the beiling away of one liter
of water.  The effect o e slow neutrons should not increase the re-
sult by a factor more than two.™ We conclude that the effect of the
neutrons 1s>1ess 1mportant ‘than that of the Gamma rays.

The;;aaﬁoactlve 1568 curried out by the boiling process form
& third source of danger.’ However, the amount of such activity in solution
is very much less in the present instance than it is in the case of uranium
dlssolved up af'ter a long irraalatlon in a plant for the rapid productlon
of 94, Consequently the- ‘problem of Protectlon can be solvad by knomn end |
apparsntly quite adequate precautionso C
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