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ABSTRACT 

A simple empirical equation has been found which 
relates the critical height of a water-enclosed 
stainleea steel reactor at a-given moderation to 
it8 diameter0 Certain empirical constant8 appear- 
ing in the relation have a elmple physical inter- 
pretation which succeeds to a limited extent in 
bridging the gap between the experimental resul 
with finite cylindrical reactors and Grueling9 1 8 

theoretical treatment which is limited to infinite 
cylinders or Blabs0 The report aleo discusses 
certain comparieone between theoretical and experi- 
mental reeultao 
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AN EMPIRICAL STUDY OF SOME CRITICAL MASS DATA 

INTRODUCTION 

The results of a series of critical mass experiments perfoma in 

cylindrical geometry and utilizing aqueous solutions of uranyl fluoride 

Of 93.W U235 isotopic assay have been reported in "Critical Mass Studies, 

Part IIIrto 2 The application of curve fitting methods to certain of the 

empirical data there preeented has a three-fold purpoee. 

1 . To express the results of Part III in a more compact 
form and to make interpolation of data a more conven- 
ient process. 

2 0 To allow estimation of critical conditions in a region 
beyond the"range of the experimental data. 

3@ To provide a means for estimating the critical diameters 
of cylinders of infinite length and the critical thickness 
of slabs of infinite surface area for comparison with the 
critical dimensione obtained by the integral theory of 
Grueling.3 

In addition this particular approach may, in time, provide simpler 

and more direct mathematical treatments tha,n currently exist in regard to 

certain basic problems. 

PROCEDURE AMD RESULTS 

The curves of Figure 1 were obtained by plotting the experimentally 

determined critical height of a cylinder as a function of ite diameter for 

2 . Beck, C. D., A. Do Callihan, J. We Morfitt, R. Lo Murray, "Critical 
Maser Studlea, Part III", Carbide and Carbon Chemicals Corporation, 
K-343, April 19, 1949. (This report will hereafter be referred ae 
Part III,) 

4 

je Grueling, E., "Theory of Water-Tamped Water Boiler", LA-399, September 
27, 19450 
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various moderations in the IDaRner given in Part III, Sizlpi* physical 

considerations9 confirmd by experiment, show that each curve exhibits 

two asymptotes which are readily interpreted. The vertical asymptote, 

D = constant, represents the diameter of a just critical infinite cylinder 

xt the given moderation. Similarly, the horizontal asymptote, H = constant, 

represents the height of a Just critical i?Zinite slab. There is a pair 

of asymptotes for each curve corresponding to a different HA& ratio. / . 

These data were submitted to various curve fitting techniques and 

the most satisfactory fit was found to be a hyperboh of the form (D-a)(H-b) 

= c where a and b are the respective asymptotes interpreted above. The 

method by which the empirical equations were obtained from the distribution 

of experimental points follows a procedure deecribed by Running, 4 Its 

application to this problem is worked out in detail in the Appendix. By 

the mthod there described values of a, b and c can be readily obtained 

for each H:Uzj5 ratio, and are listed in Table IO 

4. Running, Theodore R., "Empirical Formulas", John Wiley Lb Sons, New York, 
New York. 
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T A B L E  I 

L imi t ing  D imens ions  o f In fin i te  S lab  a n d  Cy i inder  a t Va r i ous  H :? .? ,.~ , E a t1 0 8  

H e i g h t o f D i a m e ter  o f 
In fin i te  S lab(cm)  In fin i te  Cy l inder (m)  

H :U,35 b  a , si  

3 ~ 6  6 .4 2  1 4 .2 2  9 9 .0  
5 0 0 0  5 J 5  1 4 0 1 0  1 0 2 .6  

1 0 0 0 0  6.24  1 4 0 5 8  1 o L  : 0 1  
2 0 0 0 0  7 .6 0  1 6 .1 0  1 0 4 .9  
3 0 0 0 0  9 .2 5  1 7 0 8 8  1 0 8 .4  
4 0 0 0 0  1 1 0 5 4  2 0 0 0 2  1 0 4 0 1  

A v e r a g e  iCh,o.  

F igure  2  is a  p lot  o f th e  d a ta  o f Tab le  I, i.e ., th e  th ickness  o f 

a  jast crit ical inf ' inite s lab  (b)  a n d  th e ,d iRter  o f a  Just  crit; isai 

i r?f ini te cy l inder  (a)  as  a  fu n c tio n  o f H tU E  rat io. Hav ing  o b tla i c&  'c~ h e  2 3 J  
n e c e e e a r y  c o n & a n te , o n e  c a n  th e n  u s e  th e  fo r m u l a  (D-a) (H-b)  z  c  to  ta lc-u-  

la te th e  cri t ical h e i g h t as  a  fu n c tio n  o f restor  d ie ter  a n d  m o d e r a tio = , 

T h e  va lues  so  o b ta i n e d  w h e n  c o m p a r e d  wi th th e  e x p e r i m e n ta l  valuss srov id3  

a  test  o f th e  fit o f th e  empi r i ca l  e q u a tio n . S u c h  a  compar i son  is zzde  iz 

c o l u m n s  3  a n d  4  in  Tab le  III b e i o w , wh ich  g ives  th e  cakukr led  m d  snpr i -  

m e n tal ly  o b ta i n e d  va lues  o f th e  cri t ical h e i g h t fo r  var ious  ~ i ize ~ s ~ ~ c i o ~ ~  

u n d e r  var ious  cond i t ions  o f m o d e r a tio n , It wi l l  b e  n o te d  th a t th e  a g r o e g -  . 

m m t le  wel l  wi th in  th e  reproducib i l i ty  o f th e  e x p e r i m e n ta l  d a ta , a n d  < P a i; 

th e  va lue  o f c  var ies  on ly  s l ight ly wi th H 'U 2 3 5  rat io, The re  is m k  m f- 

f icient ev idence  to  ind ica te  w h e the r  'vhs var ia t ion in  c  Is r a n d o m  or  is 

e ign l f~canto  T h a  m a g r ? i tu d e  o f ths i nheren t  inaccurac ies  In  3 1 1 8  exser i -  

m n ta 1  d a & %  prec lude  ths  posslbi l l ty  o f f -ather re f in ing th e  empi r i ca l  

te c h n i q u 3 ~  If c  is a l l owed  to  vary  in  th e  m a n n e r  s h o w n  in  T & k  I i%  



6. 

Y 

m
 

4 cn a E w I a a K IJ 
a z i 6 

8 t Q
 

F 0 3 bm
 



7 4 

calculation for the intermediate moderations becomea kconvenient. An 

average value of c for ail moderations wae used to simplify comput&ion, 

being this average value of c, together with the original sxperimmtal 

data t values of a and b were recalcuhted to give tha best fit under them 

condit ion8 0 The new values of a and b were within about two millimeters 

of the originally dbtained vs,lues a~ shown below in Table II0 The 

amumption that c .2 constant for all H:U235 ratios impliee that all curves 

shown in Figure 1 ham aam shape and differ only in the location of the 

asymptotea. 

Limiting Dimensions of Infinit;+ SLabe and CglirxLer~ Using Average Value of 
c = 104 

H:U235 
Ratio 

Eeigh% of 
Infinite Satkmj . . 

b 

Dimfd-er -of 
Infinite Cylind0~( cm) 

& 

30 
50 

loo 
150 
200 
250 
300 
350 
400 

6.70 
6.12 
6.45 
7000 

I 0 70 
i 55 
9’k7 . 

10'50 
11'65 0 

14,1 
14.0 
lL6 
1504 
16,2 
17.0 
1709 
1809 
2001 

It is intersating to note that the minimum diamter of a Just 

critical infinite cylinder is slightv over 505 inches0 

Using the data of Table II9 the cri+,ical hai&ts were recalculated 

for these somewhat simplified conditions and are reproduced in column 5 

of Table III below: 
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TABIE III 

Comparieon of Calculated and Experimental Values of Critical Height 

Reactor 
Diameter 
(inches) 

15 

12 

10 

9 

8 

7 

6l z 

HzU235 From Part III 
Ratio (cm> 

50.0 
100 
200 
300 
400 

30.0 
50.0 

100 
200 
300 
400 

30.0 
50 00 

100 
200 
300 
400 

30.0 
50*0 

1000 
200 
300 
400 

30.0 
50.0 

100 
200 
300 

30 .o 
5oeo 

100 
200 

30.0 
50.0 

100 

10.1 
lo.6 
12.5 
14.7 
17.3 

12.8 
12.6 
13.0 
1301 
17.7 
21.5 

15.4 
1500 
15.6 
la,8 
23.7 
e-w 

la.3 
17.8 
1 89 0 

;3 4 
31'2 l 

23.0 
22.2 
24.4 
32.8 
53.6 

48 .6 
47.1 
62.6 

Using Average 
Value (c z 104) 

(cm) 

10.0 
10.4 
12.5 
14.6 
17.4 

13.1 
12.4 
13.0 
15.0 
17.8 
21.7 

15.9 
15*3 
16.1 
19.1 
23.4 
31.2 

18.6 
17.9 
19.1 
2305 
30.5 
48.9 

2305 l  

22.6 
24.6 
3303 
52 .6 

35.2 
33.8 
37.8 
76.0 

5oeo 
47.9 
62.6 
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Comparing the simplified calculated values in column 5 with the 

experimental values of column 3r it is found that the average deviation 

from the experimental values is 1.4% With a maximum deviation of sp Wehl 

within the expected experimental error0 

The critical dimensions having been obtained, the ma88 may be 

calCuht8d in th8 ~g~al way. Figure 3 is a plot of the critical ma68 80 

obtained as a function of the H:U 
235 

ratio for a reactor eight inches in 

dianreter, and illustrates that the general shape of such a curve agree8 

with its experimental counterpart in Part III and in addition provides a 

eemi-qUJltitatiV8 idea of the f3t88pIBSS Of th8 CuI"v8 beyond the miIIiRWL 

The erperimsntal points have bean plotted for comp8r~son, 

The same method may be applied to calculate the minimum critical 

ma88 in cylindrical geom9tz-y at a given moderation irreepective of cylinder 

dinreasions. For any group of cylinders having the 8am vobm8 the minimum 

8urface area occur8 for that cylinder where H : D. If it is aeeumsd that 

the leakage in a critical water-enclosed cylinder is proportional to the 

eurface area, the equilateral cylinder will have the smallest lea&g8 and 

hence will -8d th8 smallest 1~88 to meke it critical. Following thie 

reasoning the minimum critical masses w&8 calculated ae a function of the 

moderation on the assumption that H = D for euch cylinders. Ebmntax$ 

theory predicts H = .92D for a reactor without an external water reflector, 

The ratio of HrD would be expected to be etiu cloeer to unity for th8 

reflected caeeO since the expected deviation of H/D from unit is of the 

order of the experimental error, the aeeuzrrption that H = D for minimum 

critical ma88 ia satlsfactoxyo 
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The critical mass was therefore calculated at various moderations 

for the case H = D and the results plotted in Figure 4, A curve showing 

the theoretically calculated dieter of the critical water-reflected 

Bpber8 as a function of moderation has been Included for comparison. A 

sample calculation IS given in the appendix, The broad minimum which 

extend8 from H:U235 of 200 to HAJ 235 df 800 IS *ia- explained by 

reference to Figure 5. The latter consists of two relationships, (1) 

mininnun critical volume and (2) gram of U235 per unit volumn, -both 

plotted as functions of the moderation. The critical mass curve Is ob- 

tained by multiplying the otiinates of the two cumes together for each 

value of the tieration. The fact that the critical mass Is the product 

of an Increasing functloa and a decreaeing one accounts for the flatness 

COMPARISON WITH THEORY 

An added advarrtage in having obtained the limiting dimensions of 

the Infinite slab and cylinder Is that they can be compared with values 

obtained by theoretical mthods, as for example, the Integral method of 

Gru8ling,5 The results reported there for infinite cylinders and elabB 

have been recalculated using the appropriate H and G functions with more 

recently reported valuee of the constants h7 (tabulate d in.Table VII), 

5 
' 

Grueling, E., "Theory of Water-Tamped Water Boiler", LA-jgp, Sqhmber 
27, 19450 

6, way, K., "Description of an Avenge Fission", MonP-192, December 10, 1946, 
7e Way, Ko, Go Hainss, "Thermal Neutron Cross Sections for Elements and 

Isotopes H-Bi", ~~~~-2138, October 11, 1948. 
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and neglecting the effect of displacement on the core functions. The 

limiting dimensions obtained. through the use oi' ZA-399 can then be com- 

pared with the results obtained by the empirical method described here. 

The comparison is tabulated in Table IV and a graphical comparison is 

given in Figures 6 and 7. 

TABLlE IV' 

Comparison of Empirically Determined Limiting Slab and Cylinder Dimensions 
with those Obtained by Methods of LA-399 

H:Uzxf 

30 
31.6 
50 

100 
200 
300 
400 
500 

Slab Hei&t Cylinder Diameter 

Grueling 
(cd 

Empirical Empirical 
Stainleee Grueling Stainless 
Steel(cm) (cm) Steel(cm) 

4.66 

4095 
5051 
6.75 
7.85 
3.02 

10.08 

-- -- - - 

6.70 
6042 
5085 
6.24 
7.60 
9025 

11.54 

Empirical 
constants 

13051 1401 101 
14 022 99 

13.59 14@10 10206 
14.58 14050 10401 
16010 16.18 10409 
17.60 17.88 10804 
19 048 20002 1042 
21011 104 

When the effect of displacement on the H and !.'; functions is con- 

sidered, the slab and cylinder dimensions are increased slightly, Three 

such points have been plotted on the infinite slab graph to illustrate the 

amount of increase0 The effect of introducing the displacement into the 

a theoretical computation in the amount required by Grueling is still not 

sufficient to predict an increase in the critical dimnsions below an 

HZU235 of 50 found empirically0 It may therefore be that displacement 

8.ling, E., "Theory of Water-Tamped Water Boiler", u-399, September 
27, 1945. 
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hae a much larger effect than has been predicted. 

It should be pointed out that the empirical treatment is based on 

data in etainless steel reactors while the theoretical treatment neglects 

wall effects. Sufficient data were available for an aluminum cylinder at 

a H:U 235 ratio of 55 (observed minim critical height at this moderation) 

to calculate empirically the infinite slab and infinite cylinder values. 

These values along with the Grueling values appear in tabular form below: 

TABLE3 

Ir?flnite Slabs and Cylinders @  H:Ugq5 : 55 for Aluminum Cylinders 

Empirically 
Theoretical Derived Values 

Infinite Slab, Height (cm) 53 
Infinite Cylinder, DiRmAter (cm) 13 ‘95 

43 
0 13’8 0 

The values for the cylinder diameters fall well within the experi- 

mental error for both aluminum and stainless reactors, but the deviation 

of the values for the slabs is significant o It is not known whether the 

discrepancy is due to Inaccuracies In the water boiler treatment or 

whether it arises from ineuff iclent data for cylinders of larger diameter, 

In summary, this report has attempted to derive a simple expression 

for the relationship between height at criticality and diameter In certain 

cylindrical geometries and to obtain, from this relationship, the limiting 

dimensions of inflnite cylinders and slabs for comparison with results 

obtained by purely theoretical methods. 



The authors are indebted to Dr. A0 iIo Callihan of the K-25 

Laboratories for many helpful suggestions during the preparation of this 

report, The graphs appearing in this re_rmt were prepared by the Y-12 

Engineering Department, 

Approved: Authors: 
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Al?PEZDIX 

The empirical equation (D-a)(H-b) = c was pasaed through a dfs- 

tribution of experimental points by the following curve fitting technique;g 

Statement of the Theorem: 

If two variables x and y are 80 related that the points repre- 

sented by X - "k, and x - Xk lie on a straight line, the relation between 
Y yk 

the variable can be expreseed by the equation (x-a)(y-b) : constant. 

If 
(x-a)(y-b) = c (1) 

I& If - xk = x 

7 - yk =Y 

(1) becomes 

0 + Xk - a)@ $ yk - b) = C 

multiplying and collecting terms 

= f bk - a>Y-f (yk - b)X$ (yk - b)(xk - a) ' c (3) 

But (yk - b)(rk - a) = @  

Dividing by Y(gk - b) (4) beconrsa 

XP - X ( ‘k - a> 0 - 
b -'e 

(5) 
yk - 

go Running, Theodore Re y "Empirical Formulas", John Wiley & Son8, New York, 
New York. 
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The slop+ of this linear 3rxtion X/V as E function of X is 

and the intercept = - lx f -‘ir -,’ k 1 
CYk - b) 

A sample calculation follow8. 

Sarmle Calculation: 

( 1 6 

(7) 

1 0 TO pass the em?irir,al equation (D-e j@-b) z 2 t&m,& & dis- 

tribution of experimental poiats, critical hei&t as a function of the 

cylinder diameter at a H:U235 ratio of 31.5. 

Since the experimental values of the diarwter are given in inches 

it is convenient to leave them in inches until. the final vale of the 

infinite cylinder is obtained, 

3 71 603 7  r 
O W  

8 P ed 9 0s 1COC 
H ems 4900 34.0 2zo;5 18 ? 1503 
X v 0 F o/ 15 2'2 01 35 Y ems 0 -1502 -25 :I+ . -r: 0 "Jb o/ -33'7 
X/f /- -- - ~333 - .c568 .. o8og - o '103s 

where x = ( E - 605) and Y = H - 4geo 

slope=- 1 
49.:,-b 

= .0235 (obtained from Figure 8 and th& 
pr3e3Ung theoretical discussion) 

b = 6.42 ems where b is the infikte slab thickness at a 
moderation of 3105 

Intercept =i* =-o~l 

Substituting for b, a then becoms equal to 5,51 inches of 14.2 cm where a 

is the diameter of the infinite cylinder0 
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squa.tlion as follows, 

H = La .,.G cm 

a = 14,2 cm 

b 3 5.42 ail 

Zquation (8) becomes 

the H:V 235 ratio. 
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2 0 To calculate the mi~irmlm critical mass of a reactor at a given 

H:U235 

H:U235 ratio = $0 . 

(D-a)(H-b) = 104 (from Table II) 

If H = D, 

then (D - 6.12)(D - 1400) = 104 

from which 

D = 20~37 cm or 8.02” 

Critical voluxm : 6,64 1 

*Critical mass = ,48~ x EL*54 : 3.18 kllogrems, 

The calculations were repeated for other moderations and the result- 

ing minimum critical masses are plotted against H:U2330 

TABLEXII 

Physical Cm&ants Used in the Grueling Calcukticms 

"I 225 = 2,50 neutrons/fission 

('f),,, z 546 barns 

(6,)235 z 642 bams 

%/sf : 1018 

u 235 = 7l 1.18 E ' 2012 neutrons/absorption 

( E&38 = 2.56 bw 

( ca)H z oo32 batis 

(s,,, = 0001 barns 

GJF = 001 barns 

( 6s J”235 = 8s barns 

G,, 

P 

= 21bams 

0 0 0 934 = ieotopis purity 

The aubecripte f, a, and s refer to fiasiuqabsorption and scattering, resPec- 

tively 0 


