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The Measurement of Eta and O ther Nuclear Properties of 

U” and U”” in Critical Aqueous Solutions 

R. GWIX AKD D. W . MAGPU’IJSON 

Oak Ridge Xational Laboratory,* Oak Ridge, Tennessee 
Received September I I, 1961  

The thermal value of eta for Um and Ua5 has been determined in a series of experiments on 
unreflected homogeneous aqueous solutions of the two isotopes. These experiments also yield a 
value for the neutron age and the limiting concentrations of the fissile isotope in the aqueous 
solutions for infinite volumes. -ilusiliary experiments, establishing limits of error, testing certain 
aspects of the theoretical model employed, and experimentally determinipg the parameters in 
the critical equation, have been performed. Experiments performed with Z-in.- and &in.-diam 
spheres, and Sft- and Sft-diam cylinders have yielded consistent values of eta. IJIeasurements 
of the nonleakage probability in cylindrical geometry have given values consistent with those 
predicted by a two-group model in which the theoretical value of the age was used. W ’ithi.n the 
experimental error no differences were found in the ages of fission neutrons for I?233 and UB5. 

The average thermal values of eta determined are: q for P3, 2.292 =t 0.015 and e for IP, 
2.0’76 =t 0.015. The 2200 meters/set values are the same since the g-factors for eta are unity. 
The value of the neutron age to the indium resonance energy for I-J=” fission neutrons in water 
was found to be 25.6 =t 1.3 cm2. The minimum UB3 and IJ23; critical densities for these nitrate 
solutions were found to be 11.25 =t 0.10 gm/liter and 12.30 + 0.10 gm/liter for IJ= and UB5, 
respectively. 

INTRODUCTION isotope. In one of the spheres, the critical concentra- 
A series of experiments has been performed to tion was measured as a  function of boron concentra- 

determine the critical conditions of unreflected homo- 
geneous aqueous uranyl nitrate solutions of both 
U233 and U2Y The primary goal of these experiments 
was to establish the thermal-energy value of eta, f, 
the number  of fission neutrons produced per thermal 
neutron absorbed in the fissile isotope. In pursuing 
this goal, it became apparent that a  satisfactory 
conclusion required some experimental confirmation 
of the theoretical mode l used for these critical sys- 
tems. In particular, it was deemed necessary to in- 
vestigate the applicability of the first fundamental 
theorem of reactor theory which states that the 
spatial distribution of neutrons is independent of 
energy. 

The  following topics were investigated in the 
present program : 

1. CriticaL Parameters. Critical dimensions of both 
spherical and cylindrical volumes were measured as 
a  function of the chemical concentration of t,he fissile 

tion. 
2. Spatial Neutron Flux Distributions. F lux tra- 

verses were made in order t,o define 
B’, or the shape of the neutron flux in 

the buckling, 
these svstems ” 

from which an  extrapolation distance could be  ob- 
tained. 

3. Kinetic Behavior. The stable period resulting 
from an incremental addition of solution to a critical 
cylinder was measured to determine experimentally 
nonleakage probabilities and provide some informa- 
tion on  the neutron age in these solutions. 

4. Neutron Energy Distributions. Fission foil ac- 
tivations and fission counting rates were measured 
using both fissile isotopes as detectors with and 
without cadmium covers so that corrections could be  
applied for the epithermal fissions and absorptions in 
integral form. 

5. Theoretical Analysis. These experiments have 
been supported by theoretical investigations of the 

* Operated b_v Union Carbide Corporat ion for the U.S. first fundamental theorem using the “Corn Pone” 
Atomic Energy Commission. code (1). Detailed calculations have been made of 
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the 32-energy group fluxes for the no-return current 
boundary condition in a 69.2-cm-diam sphere where 
the leakage of neutrons was great enough to be 
significant. 

These programs have been carried out in a manner 
such that a limit of error has been placed upon the 
thermal value of eta. 

The initial part of this program, comparing criti- 
cal concentrations of U233 and Uz3’ in spherical vol- 
umes of aqueous solutions, was directed toward the 
determination of the ratio of the values of eta of the 
tl:o isotopes, f ( U’33) /f ( U235) . In these experiments, 
which were similar to earlier ones carried out by 
Thomas et aZ. (2) , larger spheres, and thus more di- 
lute solutions, were used in order to reduce the num- 
ber of epithermal fissions and absorptions and to 
minimize uncertainties in evaluating the neutron 
leakage. Cylindrical geometry was chosen for the 
remainder of the experiments to enable measure- 
ment of the nonleakage probability, thus reducing 
the uncertainties in the derived values of eta. The 
ages of fission neutrons from U233 and U235 can also 
be evaluated from the nonleakage probabilities. 

In order to utilize these experimental data in de- 
termining eta, known cross sections must be used, 
appropriately evaluated over the neutron spectrum. 
In effect, then, these critical experiments serve to 
correlate values of eta, absorption cross sections of 
the fissile isotopes, and calculated values of the non- 
leakage probability, and from the latter thev yield a 
value for the neutron age in these solutions. 

THEORETICAL CONSIDERATIONS 

CRITICAL EQUATION 

The theoretical analysis of these chain reacting 
homogeneous water-moderated assemblies is based 
upon the theory presented by Weinberg and Wigner 
(8). Since an extension of this theory using a meas- 
ured slowing-down kernel with consideration of 
cpithermal absorption has been presented previ- 
ously (4) only a brief outline of the theory is pre- 
sentled here, beginning with two basic theorems. 

The first fundamental theorem of reactor theory 
stat!es that the stationary neutron distribution 
@ ix, E) in a critical reactor with energy independent 
extrapolation dist*ance is separable in space and 
energy, i.e., 

where the spatial distribution, $(x), is the funda- 
mema solution of the equation, 

f+(x) + B’+(x) = 0 ( > 2 

that is, that solution which is positive throughout 
the reactor and vanishes on the extrapolated 
boundary. 

If the neutron flux satisfies Eq. (2) and if the 
point slowing-down kernel is an isotropic displace- 
ment kernel, then the second fundamental theorem 
of reactor theory states that the nonescape probabil- 
ity of neutrons during moderation in a uniform bare 
reactor is the Fourier transform of the slowing- 
down kernel. Since the slowing-down kernel in a bare 
reactor will change in form near the boundary, the 
theory cannot be expected to give a detailed descrip- 
tion of the neutron flux as a function of position and 
energy near the boundary. If, except for the region 
near the boundary, the fluxes at all energies do have 
the same spatial distribution, then it is possible to 
formulate the critical conditions for that reactor 
using these fundamental theorems. 

The above concepts lead to the following equation 
for the balance of neutrons in the thermal energy 
VUP, assuming no absorption over the fission 
spectrum : 

- BB$(x) - Eat+(x) + K(B, hJp(EtdW 

s 
(3) . oD +( E’)&( E’)v( E’) dE’ = 0 

in which an overscore indicates that quantities are 
averaged over a Maxwellian flux, and 

B = diffusion coefficient, 
B 2 = buckling, 
zt = total neutron macroscopic absorption 

cross section, 
K(B, E) = nonleakage probability during slow- 

ing down to energy E, 
P(E) = probability that a neutron will not be 

absorbed during slowing down to 
energy E, 

Zf WI = macroscopic fission cross section at 
neutron energy E, 

v(E) = average number of neutrons pro- 
duced per fission by a neutron of 
energy E. 

The spectral distribution of the neutron flux was 
assumed to be LNIaxwellian at the system tempera- 
ture of 24 to 25”C, in the region of thermal energies, 
supplemented above 0.2 ev by a component very 
nearly inversely proportional to the energy. The fol- 
lowing relations describe this distribution : 

dE) = h(E’) = Maxwellian flux for 0 s E s 
0.2 ev, 

4&E) is normalized so that Jr 4M( E) dE = 1, 
6(E) = +M(E) + [h(E),/E] for 0.2 s E s lo6 ev, 
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X(E) = proportionality factor normalizing the 
epithermal flux to the Maxwellian. 

The term X(E) is defined by 

X(E) = K(B, E, p(E) 
two 

. 
s o+=+(E’)Z~(Ef)v(Ef) dE’ 

(4) 

in which [ is the suitably-averaged logarithmic 
energy decrement and Z,(E) is the total macro- 
scopic cross section. 

The absorption escape probability to thermal 
energy is : 

PC&h) 

s 
o-hdE)&t(E) dE 

= 

s 
o=idE@at09 dE + 

s 
O” h(E)IEl&t(E) dE ’ 

0.2 

(5) 

The critical equation used was in the form 

Al ?eff = ~‘f$;; p( Et&j 2 c = 1 (6) 

in which & is the macroscopic absorption cross 
section of the fissile isotope, L is the thermal di.fYu- 
sion length, and 

s ao [X(E)/Elv(E)&(E) dE 
E = 1 + Ov2 

fcx 
= fast fission factor. 

By defining : 

P(B) = K(B, Eth) 
1 + L2B2 ’ 

and 

f z&x - = -= 
Eat 

thermal utilization, 

F = cp@th), 

the critical equation becomes : 

E eff = ijfFP(B) = i&P(B) = 1. (7) 
In the above development it is seen that P(B) 

is the fraction of the source neutrons which do not 
escape the system. The detailed effect of the ab- 
sorptions and leakage of epithermal neutrons as a 
function of energy then appears in the neutron 
flux, h(E) /E. The quantity K( B, &h) in the critical 
equation is the Fourier transform of the point slow- 

ing-down kernel to thermal energy. For large sys- 
tems B2 - 0 and P(B) --j 1, eta is equal to l/f 
except for small corrections due to epithermal 
neutrons. 

EPITHERMAL FLUX PARAMETER 

The activations of bare and cadmium-covered 
fission foils in the critical system, Abare and ACd , 
respectively, were used to evaluate the epithermal 
( >0.4 ev) source of fission neutrons in terms of 
the total source. The equation used was: 

s 

a0 

A h#@r dE i- O” x(E)&/E dE 
bare 0 J 0.2 -= 

A 
J 

a0 (8) 
Cd A( E)&/E dE 

0.4 

The source of neutrons due to fissions induced by 
neutrons in the energy region between 0.2 and 0.4 
ev must be theoretically estimated. The epithermal 
source permits an average value of x to be obtained 
from the expression 

x J * &(E’)dE) dE s * ~(E)&(E)v(E) dE = 
E 

. 
E 

(9) 
0.4 0.4 

This value of X, appearing on the left-hand side of 
the equation, can be applied to the absorption 
integral within the limits imposed by the assump- 
tion that the epithermal flux is proportional to 
l/E, thereby yielding an approximation of the 
epithermal parasitic neutron capture. The error 
limits were estimated theoretically to be &2 70. 

The assumed form of the flux has been compared 
with those measured by Poole (5) and by Stone 
and Slovacek (6) in the region where transition 
from Maxwellian to the l/E distribution occurs. It 
has been found that the assumed form yields a total 
U2% fission integral which was about 2 7% lower 
than that based on the above measured distribu- 
tions. 

NONLEAKAGE PROBABILTTY FROM GEOMETRIC 
BUCKLING PERTURBATIONS 

The cylindrical geometry of these experiments 
permits a change in the buckling of the system by 
changing the height of the solution of the assembly- 
This section presents the method used to obtain 
the nonleakage probability from buckling perturba- 
tions. A value of the neutron age can then be ob- 
tained from the nonleakage probability. The non- 
leakage probability during slowing down is given 
by the Fourier transform of the point slowing-down 
kernel in an infinite medium. This probabilitv can u 
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be written in moments of T which are defined by the having buckling Bt can be obtained by a Taylor’s 
relation expansion about the nonleakage probability, P(B) , 

for a system having buckling B’. In general, 

s 

a0 

G(r )rn4m2 dr 
F= O 

s 
* G(r)4.1rr2 dr 

0 

(1()) P(Bo) = P(B) 

in which G(r) is the slowing-down 
nonleakage probability becomes 

By using the values of TX calculated 
and A4ronson (7) for a distribution of 
trons in water to indium resonance 
nonleakage probability is 

+ m m  aB2 + a2P(B) (AB”>’ + (16) 

aB”- (aB2)J 7  l  *  l  

kernel. The 
B B  

and since for the infinite system, P( Bo) = 1, 

1 
(11) 

= P(B) 

by Certaine 
+ aP(‘B) ( B2) + d2P(B) B4 + (17) 

ygjr - (aB2)2 F l **- 

B B  A I 
fission neu- 
energy, the Using this expansion, the nonleakage probability 

can be evaluated in terms of its derivatives. 
The two-group model, for which 

K(B) = 1 - 25.67B2 + 815.8B4 - 3.837 
(1 > 2 1 

x 104B6 + 2.412 x 106Bs. P(B) = (1 + 7B2)(1 + L2B2) ’ (18) 

A representation of K(B) satisfactory to within was used to obtain the first and second partial 
0.2% for B’ ( 0.004 cmW2 and satisfactory to = derivatives, and, to terms in B4, the nonleakage 
within 0.5 %  for B2 =( 0.007 crne2 can be written probability is then 
as 

mm = j-&G 
P(B) = ; 

C  
1 + B' aP(B) 

where T = 25.67 cm2 (13) 
--zF- 1 7 LI 

2 
This equivalence was used for simplicity in the + 1 

’ 

{[ 
l + B’@ (B) 1 
- +21;i72Ar2 

(19) w 
experimental evaluation of the nonleakage prob- 
ability described below. 

The differential of the critical equation for geo- 
metric buckling perturbation is : where 

2 
aP(B) A @  

= 1 + (1 i?B1)? + 
L 4 

A& = km - 
aB2 l  

(14) 

A 

( 

(1 + L2B212 (20) 
L2 

Further, the kinetic relation connecting the stable c&F+ 1 + L2B2 ) 

2 l  

reactor period to the change in keff from unity yields, 
neglecting the term Z/T, which was less than lo-” Neglecting terms of higher order than B4, P(B) can 
for this work, be written as 

Ah = kaPd(B) c 1 i ,“;x i T (15) P(B) = 1 + Bzas 

in which 
[B”aP( B)/aB212A 2 ( 1) 

- 

rB 
2[1 + B2aP(B)/aB2] 

i = fraction of fission neutrons in the de- 
layed group i, with an error of less than 0.1% provided that B2 

Ai = decay constant of the ith group of is no greater than 0.004 cmm2. 
delayed neutrons, An interesting relation, 

1 = neutron lifetime, 
T = stable reactor period, S(B) = -, xi P,l(l + bT) 

h(B) = average nonleakage probability of de- 
m2 

(22) 
layed neutrons. 1 m m  

The nonleabage probability, P( Bo) , for a system’ =-Pdo’aB2 
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can be obtained from Eqs. (14) and (15). If points within 9 cm of the boundary were omitted; 

1 the corresponding value of the extrapolation length, 

‘(‘) = Hi (1 + L;“B’) (23) d, is 2.3 cm. The fact that the spatial distribution 

then 

mm - = 
dB” --P(B) c l +L;.2F (24 

i L - 

S(B) = + c Li2 ( 5 2 
d i 1 + Li2B’ 

and, in the limit of B” = 0 

of neutrons about the center of the reactor is not 
strongly dependent on their energy is significant 
in that, for larger systems, there is no reason to 
expect the effect of the boundary to be projected 
any further inside the surface than in this case. 
The application of the fundamental theorems to 
these large systems is then appropriate. The values 
of the effective extrapolation length for the source 
and for the flux of each of various energy groups 

S(O) = -?~ = C Li2 = !1~2 (26) i 
where M2 is the migration area of the crit,ical system 
having zero buckling. Thus S(B) as a function of 
B’ yields, as the intercept, the value of M’. The 
age of fission neutrons to thermal energy can, 
therefore, be obtained from the relation M’ = 
7 + L’. 

CALCULATIOSS OF STEADY-STATE FLUX DISTRI- 
BUTIONS' 

One of the crit,ical volumes studied experimentally, 
a 27.24-in.-diam sphere of aqueous solutions of U’% 
was treated analytically using the Corn Pone code 
(1, 8, 9). Since this volume had the greatest buck- 
ling of all those examined in this series of exper- 
iments, this particular analysis provides a test of 
the theoretical model used to analyze the experi- 
ments. The calculations yielded the steady-state 
neutron source and flus as functions of position and 
energy for various energy groups, with the condi- 
tion of zero net inwardly directed neutron current 
atI the boundary. 

The fluxes and sources in the energy groups were 
then fitted to the equations 

+(r) = A,$$ 

(28) 

by a least-squares fit to obtain values of B, the 
square root of the bucklin,. w These calculations were 
performed in steps which successively included 
larger volumes of the sphere until the boundary 
was reached and show that the departure from the 
pure (sin Br/Br) mode is very small. It was ob- 
served that the bucklings for the various energy 

are shown in Fig. 1. Calculated fluxes over the 
entire sphere were included in these evaluations. 
Table I shows the energy corresponding to each of 
the various groups. Several of the normalized group 
fluxes are shown in Fig. 2 to illustrate the fact that 
these fluxes have nearly the same buckling, B”. 

A calculation was also performed to find the 
value of B which, when used for all energy groups, 
gave the same total nonleakage probability as in the 
previous case. The associated extrapolation distance 
is 2.4 cm, which compares favorably with the above 
value of 2.3 cm. However, the assumption of an 
energy-independent buckling does not describe the 
detailed leakage in each energy group. In addition, 
diffusion theory solutions were obtained for the same 
boundary conditions. A summary of the above cal- 
culations is shown in Table II. 

ESPERIMEXTAL RESULTS 

DESCRIPTIOK OF THE CRITICAL EXPERIMEKTS 

The critical systems from which data were ob- 
tained in these experiments consisted of aqueous 
solutions of uranyl nitrate enriched in either the 
~233 or the u23.5 isotope. A 27.24-in.-&am aluminum 

3.0 

. 
A  

groups were within a range of less than 0.3 % when 1.5 ’ I I I / I 

6 ‘5 10 15 20 25 30 35 
l These calculations were performed by W. E. Kinney ENERGY GROUP 

using the Corn Pone code on the Oracle. FIG. 1. Estrspolation length as a function of energy group 
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TABLE I 
ENERGY-GROUP LIMITS 

Group Lower energy (ev) Group Lower energy (ev) Group Lower energy (ev) 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

1 x loa 11 
1 X  lo7 12 

6.065 X lo6 13 
3.679 X lo6 14 
2.231 x 106 15 
1.353 x lo6 16 
8.208 x 10” 17 
1.832 x lo5 18 
9.118 x lo3 19 

4.54 x lo2 20 
1.12 x 102 21 

3.372 x 10’ 
1.515 x 10’ 
1.016 X lo1 
4.564 X loo 
1.375 x loo 
9.214 x 10-l 
6.176 X l,O-l 
4.140 x 10-l 
2.775 X 10-l 
2.272 X 10-l 
1.860 X 10-l 

22 1.523 X 10-l 
23 1.247 X 10-l 
24 1.021 x 10-l 
25 8.358 x 1o-2 
26 6.843 X 1O-2 
27 5.603 X lo-” 
28 4.587 x 10;’ 
29 3.756 X 1O-2 
30 3.075 x lo-” 
31 2.518 X 1O-2 
32 Thermal 

0 10 20 30 40 50 60 70 80 90 100 
n 

L I I 1 I I I I I 
0 5 IO 15 20 25 30 35 

r(cm) 

ha. 2. Flux distributions in a critical sphere (R = 34.6 cm) of aqueous W5 solution (results of Corn Pone calculations 
by w. E. Kinney). 

sphere was made critical with both unpoisoned and certainty in the value of ~(U’“‘) to that resulting 
several boric acid poisoned solutions of both iso- from the uncertainty in the cross sections. 
tapes 4 48 O+in.-diam aluminum sphere was used 
only ‘iith unpoisoned solutions of U*“” and U? 
A 5-ft-diam stainless steel cylinder, the diameter 
having been chosen to minimize the buckling for 
the available amount of U233, was made critical at 
several heights with both U233 and U23”. The con- 
cluding experiments were performed with U235 
solutions in a 9-ft-diam steel cylinder. At the max- 
imum critical height in this container the neutron 
leakage was less than 2 ‘74 thus limiting the un- 

BUCKLING MEASUREMENTS AND EXTRAPOLATION 
DISTAWES 

The spatial distribution of neutrons was meas- 
ured using neutron detectors having different energy 
responses in order to test the applicability of the 
first fundamental theorem of reactor theory to these 
systems. The data from these experiments permit 
an evaluation of the uncertainty in the derived 
nonleakage probability introduced by differences of 
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TABLE II and 
SUMMARY OF THEORETICAL CALCULATIONS FOR A 34.6-cm- 

RADIUS SPHERE= y = A+ Jo[Br(x + a,>] (31) 

Corn pone 
Boundary conditior? 

P(B) k 
-- 

5 =OatR = 34.6 cm 0.8374 1.0377 
+ = 0 at R = 35 cm 0.8212 1.0183 
4 = 0 at R = 36 cm 0.8297 1.0287 
# = 0 at P = 37 cm j 0.8375 1.0384 
@ = 0 at R = 38 cm 1 0.8449 1.0475 I 

Diffusion theory for the height and radius, respectively, of cylinders, 
The position variable was 2, and x0 was a constant 

P(B) k determined by the curve fitting so that the center 
--- --- line positions, x - 20 , were zero when the flux 
0.8256 1.0231 
0.8044 0.9977 had a maximum value. 
0.8132 1.0086 In a preliminary publication (9) it was reported 
0.8216 1.0189 that analysis of some of these data yielded values 
0.8294 1 l  0286 of the extrapolation distances for spheres of 1.9 

a The calculations were for fuel solutions composed of 
and 1.0 cm. However, it is now believed that these 

Uz3j and Hz0 only. small values were the result of nonideal experimental 
bR = R plus the estrapolation length. conditions. Since it was necessary to vary the solu- 

tion height to maintain criticality as the counter , 
the spatial distribution of neutrons near the bound- 
aries of the system. For this purpose flux traverses 
were taken with U’% and cadmium-covered U*% 
miniature counters in addition to the U’35 miniature 
counter traverses which were taken in almost all 
cases. 

The normalized counter data were fitted to the 
form 

Y = A4 sin B,(x + x0) 
B,(x + so> 

for spheres, and to the forms 

(29) 

was traversed vertically through the sphere, the 
solution did not fill the sphere when data were 
taken in the upper half. The void was greater in 
the 4%in.-diam sphere, for which d was reported 
at 1.0 cm. The bucklings calculated from the data 
of these traverses are not valid even though there 
were no observable distortions from the expected 
form of the spatial flux distributions. Values of the 
extrapolation distances for the experiments in the 
spheres have been inferred from those obtained from 
cylinder experiments. 

Tables III and IV summarize the buckling values 
derived from counter traverses in cylindrical systems. 

Y = A+ cos Bh(x + x0) (30) The quoted errors are derived from the variances 

TABLE III 
BUCKLING MEASUREMENTS IN THE 60.9%m-mm CYLINDER 

Detector 
Solution heigh ta (Axial buckling) l’*, 

(in.) Bh (in?) 
Extrapolated height, Extrapolation Bh* X 103 

i (in.) 2d (in.) distance, d (cm) (cmw2) 

U235 

lj'235 

u235 

U2a5 + Cd 
U2% 
u235 
u235 

U*= + Cd 

lj'238 

u235 

18.08 
17.91 
19.08 
19.11 
19 .Ol 
28.81 
42.07 
42. 306 min 
42.55& max 
42.36 
80.12 

0.1588 zk 0.0006 19.78 z!t 0.07 
0.1588 h 0.0005 19.78 zt 0.05 
0.1495 zk O.ooO6 21.01 * 0.08 
0.1474 rfr 0.0005 21.31 & 0.07 
0.1469 & 0.0007 21.39 =f= 0.10 
0.1023 zk 0.00025 30.70 h 0.08 
0.0743 * 0.00012 44.17 * 0.0’7 

0.07031 =f= 0.00015 44.68 dr 0.09 

0.07023 =t 0.00045 44.74 =t 0.29 
0.03805 * 0.00011 82.57 AZ 0.24 

1.70 2.16 =f= 0.09 
1.87 2.37 zk 0.07 
1.93 2.45 =t 0.10 
2.20 2.79 =t 0.09 
2.38 3.02 =t 0.13 
1.89 2.40 =t 0.10 
2.10 2.67 zk 0.09 
2.38 3.02 zt 0.11 
2.13 2.71 zt 0.11 
2.38 3.02 zt 0.37 
2.45 3.11 zk 0.30 

3.909 
3.909 
3.463 
3.367 
3.344 
1.623 
0.784 
0.766 

0.764 
0.224 

Detector Height (in .) 
(Radial buckling)’ fl, 

B, (in?) 
Extrapojated radius, Br2 X 10” 

R (in.) d + ARC (in.) d (cm> (cm-*) 

u235 41 0.0754i rt 0.00020 31.87 =t 0.08 1.41 3.25 =t 0.20 0.883 
UZS 41 0.07546 AZ 0.00034 31.87 zt 0.14 1.41 3.25 zk 0.36 0.883 
U235 80 0.07578 =t 0.00018 31.74 * 0.08 1.28 2.92 zk 0.20 0.890 

a Height measurements have been corrected for bottom reflector (0.53 in.), measured by adding a top constructed like 
the bottom. 

b Height was varied in order to maintain criticality, the maximum occurring while counter was at cent,er. 
c The correction: AR, for the container was assumed to be the wall thickness, 0.13 in. of stainless steel. 



ETA OF U= AND U’a5 FOR CRITICAL EXPERIMENTS 371 

TABLE IV 
BUCKLING MEASUREMENTS IN THE 107.7~IN.-DIAM CYLIXDER 

Detector S01ution heightu 
(in.) 

i; - h (in ) 
c l  

B 2 X 103 (cm+) 
h 

Gold 35.78 3.17 =f= 0.08 1.008 
‘CT235 35.78 2.96 =t 0.11 1.020 
L- T-35 35.B 2.92 A 0.18 1.021 
Lj235 35.68 2.95 AZ 0.08 1.025 
u235 48.4’7 1.81 =t 0.19 0.605 
U”3” 48.54 2.26 =t 0.20 0.592 
21’235 91.43 3.48 A 0.14 0.170 

Detector Solution height R - R, B? X lo3 (cmw2) 

L- 7*35 35.78 1.90 =t 0.15 0.288 
U235 91.59 1.92 =t 0.11 0.288 

a The values of the solution dimensions have not been 
corrected for effects due to structure surrounding the criti- 
cal cylinder of solution. The difference in column 3 is, there- 
fore, not exactly proportional to the extrapolation distance. 

calculated in the curve fitting of the experimental 
data. Counter data taken within 2 in. of the bound- 
ary were excluded from the analyses. A number 
of flux traverses were also analyzed excluding data 
at a greater distance from the boundaries, and the 
derived B values, although slightly different, re- 
flected only errors of measurements and not a var- 
iation in curvature with distance from center. The 
errors associated with the data points near the 
boundary were no larger than the errors of the other 
data. Although the counting errors in any particular 
traverse show no difference between different-sized 
systems, the derived values of the extrapolation 
distance in the 5-ft-diam cylinder were internally 
more consistent than those made in the 9-ft-diam 
cylinder. It is believed that inaccuracies in height 
measurements in the latter cylinder are responsible. 
When the extrapolation distances are plotted for 
different critical heights in the 5ft cylinder, a 
variation greater than their errors is noted. How- 
ever, it is only for the 27.24~indiam sphere and 
the short cylinders that this variation of d, ~0.8 
cm, can affect the nonleakage probability by as 
much as 0.5 % . Figure 3 shows this variation. 

The extrapolation distances measured with U238 
fast-neutron detectors showed no variation with 
critical height greater than the experimental error, 
the average value being 3.02 & 0.28 cm. The average 
value of the epithermal extrapolation distance, 
measured with cadmium-covered U2= detectors, 
was 2.84 * 0.15 cm. Fast and epithermal measure- 
ments were made at critical heights of 18 and 41 
in. in the 5-ft-diam cylinder. 

The apparent difference between the thermal and 
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FIG. 3. Extrapolation distances determined with U2a5 
counter traverses in 60.92.in.-diam cylinder. 

fast extrapolation distances experimentally ob- 
served was similarly evident in the Corn Pone 
calculations for the 27.24.in.-diam sphere previously 
discussed. Within the precision of these experiments 
the first fundamental theorem of reactor theory is 
applicable to these systems. The experimental 
bucklings and their pertinence to the nonleakage 
probability measurements and calculations are 
further discussed later in this report. 

CROSS SECTIOXS 

Since the calculated value of the thermal utiliza- 
tion depends upon the absorption cross sections 
employed, it is appropriate to consider the values 
used in this report. Stiord and Havens (10) have 
examined the U2% cross section measurements from 
various laboratories. The values for the U2= cross 
sections have been tabulated by Evans and Fluharty 
(21). The g-factors for U2%, used to obtain the 
Maxwellian-average value of the cross sections from 
the 2200 meters/set values, were taken from West- 
cott and Roy (12). Since the recent tabulation 
(11) shows the absorption and fission cross section 
of Us to be l/v in the thermal region, the g-factors 
for these cross sections must be unity. Table V 
shows the cross sections used and the appropriate 
g-factors. 

For the fissile isotopes U233 and U2%, the reso- 
nance integrals given in Table VI were obtained by 
numerical machine integration of BKL-325 (13, 
14) curves. 

The following 2200 meters@ m icroscopic ab- 
sorption cross sections, assumed to be proportional 
to l/u, were used for the other components; hy- 
drogen, 0.332 b; boron, 755 b; nitrogen, 1.88 b; 
thorium, 7.0 b; U2js, 2.75 b (IS) ; and U234, 113 b 
(15) ; other constituents contributed negligibly. 
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TABLE V 
2200 METERS/SEC CROSS SECTIONS 

Isotope 43 (b) g, Qf (8 8 

u233 X3 l.Oooo 524 1.0000 
u235 679 0.9i49 580 0.9754 

TABLE VI 
URAxmM RESOKAWE IXTEGRALS 

Resonance integrala 

s 0.2 106 ; dE, (b) 930 428 

s 0.4 106 ; dE, (b) 802 330 

I 
106 

0.2 
; dE, (b) 

J 

106 

0.2 
; dE, (b) 

1368 780 

1224 636 

a The absorp tion resonance integral was calculated on 
the assu .mption that the scattering cross section for both 
isotopes was 11 barns. 

FOIL l&tEASUREMEYTs OF' THE EPITHERMAL FLUX 

The value of X, given by Eq. (9), was determ ined 
experimentally by foil activation measurements. 
The data from  these experiments were corrected for 
ener,ay dependent flux depression and self-shielding 
effects. 

Trubey ( M ) has calculated the flux depression 
and self-shielding coefficient for thermal neutrons 
in the U2X metal foils used in these experiments to 
be 0.79. The flux-weighted average of this factor 
for the absorptions in the resonances was 0.94. 
The cross sections used in the calculations have 
been listed previously in Table V. Attempts were 
made to measure the order of magnitude of these 
effects by using foils of different thicknesses and 
extrapolating to zero thickness. The results of these 
activations determ ine a flux depression and foil 
self-shielding factor, based only on bare activations, 
of 0.$6. This agreement with the calculation may, 
however, be somewhat fortuitous, considering the 
nature of the measurements and the approxima- 
tions in the calculations. 

Table VII and Fig. 4 summarize the foil measure- 
ments and calculations for the determ ination of the 
epithermal Aux. The metal and oxide foil measure- 
ments, as well as the counter values for both U233 
and U*% detectors in both I? and U2% solutions, 
are included in these data. 

The best-fit line through the data is k = 
0.682 &t . From the tabulated values of t& for 
various energies (I?‘), the theoretical expression for 
X in infinite systems with no epithermal absorption 
becomes 0.576 Zat at 0.278 ev and has increased to 
0.656 & at 10.16 ev. This higher value is then 
constant up to the kilovolt energy region. An 
average value of X, weighted by the IJzz fission 
cross section in a l/E spectrum, is 0.63 l&. It is 
realized that X is a function of the buckling as well 
as Zat in a detailed neutron balance theory, but 
this correction is small and onlv adds some scatter 
to the plot of the data in Fig. i. 

EXPERIMENT,4L DETERMIWrIOx OF &~LE,sKAGE 
PROBABILITIES 

The results from  the perturbation measurements 
of the reactivity as a function of solution height 
are described in two ways, each emphasizing a 
particular facet of the theoret’ical model previously 
discussed. The leakage parameter, S, defined in 
Eqs. (22)-( 26)) depends only on the periods re- 
sulting from  changes in the height after criticality 
has been established and on the buckling of the 
critical system. In Fi, 0. 5 this parameter is plotted 
as a function of buckling for nine measurements in 
the 5-ftdiam  cylinder with both U233 and U235 
solutions and for three measurements in the 9-f+ 
diam cylinder with U2% solutions. Experimentally 
measured extrapolation distances from  U’S counter 
traverses were used in the calculations to determ ine 
bucklings. The curves are theoretical values of 8 
based on the equation and parameters shown in the 
figure. The values of L’ were calculated from  the 
relation 

L 2 = Lo2(H20) z;;oy;$;nj , (3 ) 2 
a 

in which Lo'( HZO) = 7.344 cm’ (18). For the UT 
solutions the variation of L’ for variations in BZ 
was L' = (3.7i - 106B2) cm’ and for U233 solutions, 
L 2 = (4.14 - 98B') cm’. 

Since the fast-neutron extrapolation distances 
measured with I? counters at two critical heights 
were not significantly different, a constant value, 
d = 3.0 cm, was used in a second calculation of the 
parameter S. These values are plotted as a function 
of buckling in Fig. 6, and the results of both calcu- 
lations are summarized in Table VIII. The curves 
on Fig. 6 show the same theoretical values of S as 
Fig. 5. As g goes to zero the effect of the extrap- 
olation distance vanishes; thus an extrapolation of 
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TABLE VII 
EXPERIMENTAL DETERMINATION OF A, THE EPITHERMAL FLUS PARAMETER 

Solution Observed 
cadmium 

Height (in.) Z&t (cm-l) Detector Detector position in container ratio A” 

2’7.24~in.-diam aluminum sphere 

u235 

u235 + B 
U235 + B 
ut33 

IF3 + B 

Full 
Full 
Full 
Full 
Full 

0.0542i U2a5 metal foil Center 36.50 0.0363 
O.Oii23 U2a5 metal foil Center 2'7.27 0.0492 
0.07723 U235 metal foil 8 in. from center 26.18 0.0514 
0.04743 U235 metal foil Center 39.06 0.0338 
0.05523 Uz35 met31 foil Center 36.10 0.03i8 

48.04,in.-diam aluminum sphere 

CJ- ‘“35 

U’35 

u- ‘935 

u235 

U”35 

u235 

u233 

C”33 

U- 935 

U- 935 

U”35 

Full 
Full 
Full 
Full 
Full 
Full 
Full 
Full 

li$ 
28 
41 

0.04629 U235 metal foil Center 42.64 0.0309 
0.04629 U23502 foil Center 41.55 0.0317 
0.04629 U233O foil Center 16.25 0.0328 
0.04629 Uzs5 ieta foil 18 in. from center 40.00 0.0330 
0.04629 U235 counter Center 49.26 0.031’7 
0.04629 Uz33 counter Center 17.08 0.03iO 
0.04166 U235 metal foil Center 46.08 0.0285 
0.04166 W30 foil 2 Center li.i3 0.0299 

60.9%in.-diam stainless steel cvlinder ‘I 

0.04975 U235 metal foil Center 39.iO 0.0333 
0.04648 U235 metal foil Center 39.617 0.0333 
0.04542 U2a5 metal foil Center 43.65 0.0302 

IOi.i-in.-diam stainless steel cylinder 

b- ‘935 35 0.04485 lj’z3:, metal foil Center 43.05 0.0306 
p35 474 0.04430 Uz35 metal foil Center 44.88 0.0293 
U’35 95 0.043'78 Uz35 metal foil Center 45.45 0.0289 

(1 Self-shielding and flux-depression factors of 0.79 for thermal neutrons and 0.94 for epithermal neutrons were used 
for the foils. These factors were assumed to be unity for the counter data. 
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FIG. 4. Epithermal flus parameter FIG. 4. Epithermal flus parameter 

either curve to B’ = either curve to B’ = 0 should give the same value 0 should give the same value 
of J!V. of J!V. 

Equation (22)) in which Pd( B) = I/( 1 + wB’) l  Equation (22)) in which Pd (B) = I/( 1 + ~3’) l  

(1 + L”B’) and 7d = (1 + L”B’) and 7d = 9 cm’ (19) was used to evaluate 9 cm’ (19) was used to evaluate 

I 0 u2” SOLUTIONS I 
2  7,-9cm - I I 

22 7-1 26.5 cm‘ I 
f* ($“I - (4.14 - 90 82) cm2 

--I L* ( U2? = (3.7 7  - 106 82) cm2 

20 L I I I I I L 1 
0. 2 4 6  01X10”) 

8*, BUCKLING (~(n-~) 

FIG. 5. Leakage parameter variation with buckling de- 
termined by the I.?35 counter. 

the Taylor expansion of P(B) . This expansion was 
given in Eq. (21). The correction term, A, was 
computed by using the theoretical value of 7, 26.5 
cm* (7, 20) , and the values of B* and L’ from each 
experimental determination. From these values of 
P(B) experimental ages were computed from the 
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FIG. 6. Leakage parameter variation with buckling de 
termined by using d = 3.0 cm. 

‘- 

The average values of the ages of U233 and U*% 
fission neutrons to thermal energy derived from the 
data obtained in the 5-ft-diam cylinder are 25.1 2t 
0.5 and 25.8 & 0.3 cm2, respectively, when buck- 
lings are calculated using the thermal extrapolation 
lengths. The values of the ages are 26.1 A 0.3 and 
26.3 =t 0.3 when bucklings are calculated using the 
fast extrapolation length of 3.0 cm. Because of 
buckling uncertainties in the measurements in the 
9-ft-diam cylinder described previously, the age 

TABLE VIII 

two-group equation, Eq. (18). Figure 7 plots the 
experimental age as a function of the buckling 
determined by the U235 counter, while Fig. 8 shows 
the experimental age as a function of the buckling 
determined with the fast extrapolation distance. 

SUMMARY OF CALCULATIONS OF THE NONLEAKAGE PROBABILITY AND THE AGE FOR CYLINDRICAL GEOMETRY 

Calculated c Experimental 
CriticaP height Extrapolationb Buckling B2 X 103 nonleakage nonleakage Age to thermal 

(in.) distance, d (cm) (cm-> S (cm”) probability probability (cm21 

Cylindrical diam-60.92 in. 

18.31 

19.20 

29.23 

42.06 

80.68 

20.02 

23.85 

31.12 

55.18 

2.27 4.67 A 0.11 24.3 =t 0.9 
3.00 4.46 26.4 
2.45 4.31 * 0.10 24.7 j= 0.9 
3.00 4.17 26.2 
2.40 2.47 =t 0.05 26.1 zt 0.6 
3.00 2.42 27.3 
2.67 1.67 zk 0.03 27.3 =f= 0.5 
3.00 1.66 27.9 
3.11 1.11 =f= 0.02 28.5 =f= 0.3 
3.00 1.10 28.4 
2.60 4.09 =t 0.10 24.3 h 0.8 
3.00 3.93 26.2 
2.65 3.20 zt 0.07 25.4 zt 0.7 
3.00 3.11 26.9 
2.72 2.29 zk 0.05 26.6 =t 0.6 
3.00 2.25 27.6 
3.04 1.35 zt 0.03 28.3 =t 0.5 
3.00 1.35 28.4 

0.8764 0.8814 * 0.0075 25.1 zk 1.0 
0.8814 0.8759 28.1 * 1.1 
0.8850 0.8880 =1= 0.0069 25.6 & 1.0 
0.8883 0.8854 27.4 A 1.1 
0.9307 0.9340 =t 0.0035 25.0 & 0.6 
0.9319 0.9321 26.4 =t 0.G 
0.9518 0.9534 AZ 0.0023 25.5 & 0.5 
0.9521 0.9528 26.1 & 0.5 
0.9677 0.9680 -f= 0.0014 26.1 & 0.3 
0.9678 0.9683 26.0 =t 0.3 
0.8885 0.8967 =t 0.0064 24.0 & 0.8 
0.8926 0.8927 26.5 =t 0.9 
0.9108 0.9160 zt 0.0053 24.6 =t 0.7 
0.9130 0.9132 26.4 =t 0.8 
0.9346 0.9378 * 0.0033 24.9 =t 0.6 
0.9355 0.9362 26.1 & 0.7 
0.9603 0.9612 =t 0.0019 25.8 =t 0.5 
0.9602 0.9610 25.9 * 0.5 

Cylindrical diam-107.7 in. 

35.8 1.31 =f= o.02d 29.5 AZ 0.6 0.9618 0.9606 St 0.0020 27.5 =t 0.6 
47.0 0.93 =t O.Old 28.3 =t: 0.5 0.9727 0.9734 =f= 0.0013 25.7 zt 0.5 
94.9 0.44 =t O.Old 30.1 * 0.3 0.9869 0.9867 =f= 0.0006 27.0 zk 0.3 

u In the 60.92-in.-diam cylinder critical height values include a correction of 0.53 in. for the bottom structure. In the 
107.7-in.-diam cylinder no correction has been included for the effects of structure. 

b TWO extrapolation distances and two bucklings are given for each experiment in the 60.92-in.-diam cylinder, the first 
determined from U235 counter flux traverses, the second from U2s counter traverses. For the 9-ft-diam cylinder esperi- 
ments, only U235 counter traverses were made to determine the buckling. 

c Calculated from the equation P(B) = [(l + 7B2) (1 + L%*)]-1 with T = 26.5 cm? 
d Calculated using B,” = 0.288 X lo-3 and g - hc values of 3.0, 2.0, and 3.5 in. for hc = 35.8, 47.0, and 94.9 in., respec- 

tively. These values are also given in Table IV. 
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constant extrapolation distance. 

T-4BLE IX 
EXPERIMENTAL DATA FOR CRITICAL CONDITIOM OF SPHERES 

Experi- Isotopic composition (wt.%) Solution Total 
ment density uranium Total boron Total nitrate Total thorium (k - 1) X 

number u233 u2” Ln35 p8 p8 
b/ml> h&m> hT/zF) b%/gm> bw/P> 104 at 20°C 

1 0.00 1.04 93.18 0.27 5.51 1.0288 19.56 0.00 18.7 
2 0.00 1.04 93.18 0.27 5.51 1.0333 22.77 0.0!305 21.2 
3 0.00 1.04 93.18 0.27 5.51 1.0387 25.77 0.18 23.7 
4 0.00 1.04 93.18 0.27 5.51 1.0445 27.24 0.22 25.1 
5 9i.70 1.62 0.04 0.00 0.64 1.0226 16.76 0.00 11.9 
6 9i.70 1.62 0.04 0.00 0.64 1.0253 17.42 0.0233 12.3 
i 97.70 1.62 0.04 0.00 0.64 1.0274 18.03 0.0453 12.8 
8 97.70 1.62 0.04 0.00 0.64 1.6275 18.67 0.0670 13.2 
9 97.70 1.62 0.04 0.00 0.64 1.0286 19.27 0.0887 13.6 

0.00 11.8 
0.00 7.3 
0.00 9.0 
0.00 2.8 
0.074 5.0 
0.077 10.3 
0.080 10.9 
0.083 3.3 
0.085 4.4 

48.&in.-diam aluminum sphere 

10 0.01 1.05 93.21 0.54 5.19 1.0216 14.82 0.00 11.3 0.00 12.9 
11 97.6’7 1.54 0.03 0.00 0.76 1.0153 13.05 0.00 7.6 0.056 4.6 

TABLE X 
EXPERIMENTAL DATA FOR CRITICAL CONDITIOKS OF CYLINDERS 

Experi- Criticalc Isotopic composition (wt. %) Total Total 
ment num- solution Solution density uranium Total nitrate thorium 

ber height (in.) U233 u3% u335 p8 p8 
(gm/mu b%lP) (mdgm) b-%/m> 

60.92.in.-diam cylinder 

12 18.31 0.00 1.05 93.22 0.55 5.18 1.0229 16.92 12.8 0.00 
13 19.20 0.00 1.03 93.03 0.51 5.43 1.0247 16.61 14.2 0.00 
14 29.23 0.00 1.04 93.12 0.54 5.30 1.0209 14.96 12.0 0.00 
15 42.06 0.00 1.06 93.11 0.52 5.31 1.0204 14.31 12.2 0.00 
16 80.68 0.00 1.06 93.01 0.52 5.41 1.0197 13.79 12.6 0.00 
17 20.02 97.37 1.50 0.04 0.00 1.09 1.0203 14.21 8.3 0.014 
18 23.85 97.35 1.52 0.05 0.00 1.08 1.0198 13.62 8.6 0.012 
19 31.12 97.30 1.49 0.05 0.00 1.16 1.0169 13.00 8.1 0.014 
20 55.18 97.25 1.55 0.05 0.00 1.16 1.0166 12.33 8.1 0.098 

107.7-in.-diam cylinder 

21 35.8 0.00 1.08 92.79 0.66 5.47 1.0194 14.00 14.2 0.00 
22 47.0 0.00 1.06 92.78 0.65 5.51 1.0218 13.66 13.8 0.00 
23 94.9 0.00 1.05 92.82 0.63 5.50 1.0210 13.33 13.5 0.00 

a In the 60.92-in.-diam cylinder critical height values include a correction of 0.53 in. for the bottom structure. In the 
107.i-in.-diam cylinder no correction has been included for the effects of structure. 
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determinations in this vessel are not included in the for U235 fission neutrons in water. It is concluded 
average value of t,he age for Uz3” fission neutrons. that these experiments are in agreement with the 
Because of the quoted uncertainty of 4.6 7% in the theoretical values of the age-to-indium resonance 
absolute yield of delayed neutrons ($1) , the error energy computed by Coveyou and Sullivan (20)) 
in the age must be increased to =t1.3 cm’. It is 25.5 cm’, and Certaine and Aronson (7)) 25.‘7 cm.* 
concluded that, within the precision of these ex- 
periments and accuracy of the delayed neutron CALCULATION OF ETA FROM CRITICAL EXPERIMENTS 

The measured reactivities have been based on 
delayed neutron data (21) in which the value of 
y of u2”” was taken as 2.47. If a later value of Y, 
2.420 & 0.037 or 2.426 & 0.068 (,B), is used, then 
the delayed neutron fraction must be increased by 
‘W The value of S and the experimental ages - ‘. 
calculated from the reactivity measurements would 
also be increased by this percentage. The value for 
the age-to-thermal energv becomes 26.6 =t 1.3 cm’ ” 

fractions, the ages of fission neutrons from U233 and The measurement of the nonleakage probability 
U’“” are the same. in cylindrical geometry has resulted in confirmation. 

of the theoretical value of the age of fission neutrons 
to thermal energy. This agreement does not prove 
that this model can be used for bucklings signifi- 
cantly beyond the range of these experiments. 
However, such agreement does encourage confidence 
in the experimental measurements and on the suit- 
ability of the model. On this basis, therefore, the 
sphere comparison measurements have been eval- 
uated also and a value of eta obtained, subject to 

TABLE XI 
ATOM DEWSTIES X1O-2o FOR THE CRITICAL ESPERIMENTS (CM-~) 

Experiment 
number 

Uranium Isotope 

U233 U234 IJ- 7335 U236 U238 N H B H/X 

27.24-in.-diam sphere 

0.00538 0.48OGG 0.00138 0.02807 1.869 
0.00631 0.56206 0.00163 0.03281 2.129 
0.00716 0.63944 0.00184 0.03734 2.392 
0.00762 0.67959 0.00197 0.03967 2.548 

0.43284 0.00716 0.00018 0.00281 1.178 
0.45120 0.00744 0.00018 0.00291 1.224 
0.46798 0.00772 0.00018 0.00301 1.274 
0.48455 0.00801 0.00021 0.00311 1.319 
0.50066 0.00827 0.00021 0.00327 1.3G3 

662.28 1378 - 
661.48 0.052 1177 
660. TO 0.104 1033 
660.28 0.128 972 
663.60 1533 
663.45 0.0133 14i0 
663.29 0.0259 1417 
663.15 0.0383 1368 
663.00 0.0508 1324 

48.04-in.-diam sphere 

10 0.00409 0.36185 0.00220 0.01985 1.116 663.94 1835 
11 0.33460 0.00525 0.00010 0.00256 0.753 664.6’7 1986 

60.92-in.-diam cylinder 

12 0.00469 0.41364 0.00243 0.02271 1.272 663.45 1604 
13 0.00451 0.40595 0.00222 0.02339 1.409 663.43 1634 
14 0.00409 0.36452 0.00209 0.02048 1.185 663.83 1821 
15 0.0039i 0.34845 0.00194 0.01962 1.208 663.89 1905 
16 0.00384 0.33519 0.00186 0.01924 1.244 663.91 1981 
17 0.36498 0.00556 0.00019 0.00410 0.826 664.39 1819 
18 0.34960 0.00525 0.00018 0.00395 0.849 664.44 1900 
19 0.33275 0.00507 0.00017 0.00375 0.802 664.59 1996 
20 0.31556 0.00481 0.00016 0.00354 O.i95 664.70 2106 

lOi.i-in.-diam cylinder - 
21 0.0039i 0.33940 0.00240 0.019i5 1.407 663.617 1955 
22 0.00381 0.33124 0.00232 0.01942 1.367 663.74 2004 
23 0.00368 0.3234i 0.00220 0.01894 1.338 663.85 2052 

- 
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the errors in epithermal corrections and in the cross 
sections. It should be emphasized that the 
obtained from the sphere comparisons 

eta ratios 
are not 

affected by the errors in the nonleakage probabilities 
if the ages of fission neutrons are the same for U233 
and U235. 

All eta values and ratios were calculated with 
7= 26.5 cm* and the thermal and fast bucklings, 
and each value was assigned a statistical weight 
proportional to l/a* in computing the average 
value. The experimental data are given in Tables 
IX, X, and XI. The calculations are summarized 
in Table XII. 

The eta ratios, ~(U’““) !7j(U235), deduced from 
experiments in individual vessels were : 

from 9 
1.101; 

from 2 
1.103; 

experiments in the 27in.-diam sphere, 

experiments in the 4%in.-diam sphere, 

from 9 experiments in the 61-in.-diam cylinder, 
1.105. 

The weighted average thermal values of eta 
obtained using Eq. (7) are: f( U’33) = 2.292 =J= 
0.015; f(P5) = 2.076 =k 0.015. The average value 
of the ratio ~(U233)/7j(U’35) is 1.104 k 0.009. These 
values of eta and the eta ratio are the same as the 
ZOO meters/set values since the g-factors for eta 
are unity. These results are consistent with the 
absolute values obtained by Macklin and desaussure 
(23) using a manganese bath technique. Their 
values were 7 (I?“) = 2.296 * 0.010, r](u235) = 
2.077 & 0.010, and the eta ratio was 1.105 & 0.007. 
The value of the eta ratio should also be compared 
to 1.116 & 0.018, the value obtained by the present 
authors from a reactivity coefficient experiment 
(24). The dependence of v upon the absorption 
cross section of the fissile isotope is given by the 
relation Aq/q E -0.5A~Ja, . 

TABLE XII 

CRITICAL EXPERIMENT CALCULATIONS 

Experi- 
ment 

numbep 
B& x lo3 BF~ X lo3 

F L* (cm2) (cm-*) P&h) k &h) (cm-7 P(BF) fib, Bd 

1 0.586i 0.9961 2.999 7.29 0.8202 2.086 
2 0.5852 0.9955 2.557 7.29 0.8228 2.086 
3 0.5824 0.9949 2.237 ‘7.29 0.8247 2.093 
4 0.5830 0.9946 2.107 7.29 0.8254 2.090 
5 0.5262 1.0107 3.431 7.29 0.8177 2.300 
6 0.5256 1.0112 3.287 7.29 0.8185 2.298 
7 0.5246 1.0116 3.164 7.29 0.8192 2.300 
8 0.5238 1.0122 3.045 7.29 0.8199 2.300 
9 0.5228 1.0126 2.947 7.29 0.8205 2.302 

10 0.5178 0.9972 3.515 2.46 0.9308 2.080 
11 0.4627 1.0122 3.906 2.46 0.9300 2.294 
12 0.5508 0.9967 3.271 4.67 0.8764 2.078 
13 0.5459 0.9968 3.304 4.31 0.8850 2.076 
14 0.5195 0.9971 3.501 2.47 0.930’7 2.074 
15 0.5082 0.99’73 3.583 1.67 0.9518 2.073 
16 0.4985 0.9975 3.653 1.11 0.9677 2.079 
17 0.4843 1.0117 3.746 4.09 0.8885 2.298 
18 0.4736 1.0120 3.825 3.20 0.9108 2.291 
19 0.4614 1.0122 3.915 2.29 0.9346 2.291 
20 0.4482 1.0126 4.012 1.35 0.9603 2.295 
21 0.5013 0.9973 3.628 1.31 0.9618 2.080 
22 0.4953 0.9974 3.673 0.93 0.97217 2.081 
23 0.4894 0.9976 3.717 0.44 0.9869 2.076 

Averages 
+j (u*33) 
jj (U235) 

jj(u233)lij (u235) 

2.294 
2.077 
1.104 

6.98 0.8266 
6.98 0.8290 
6.98 0.8309 
6.98 o.s317 
6.98 O.S241 
6.98 0.8249 
6.98 0.8256 
6.98 0.8263 
6.98 0.8269 
2.41 0.9321 
2.41 0.9312 
4.46 0.8814 
4.17 0.8883 
2.42 0.9319 
1.66 0.9521 
1.10 0.96’78 
3.93 0.8926 
3.11 0.9130 
2.25 0.9355 
1.35 0.9602 

3.OiO 
2.071 
2.Oi7 
2.074 
2.282 
2.280 
2.283 
2.283 
2.284 
2.077 
2.292 
2.067 
2.069 
2.071 
2.072 
2.078 
2.286 
2.285 
2.288 
2.295 
2. 080b 
2.081b 
2. 0i6b 

2.290 
2.075 
1.104 

a See Tables IX and X for identification. 
* This value of 7 was assumed to be the same as that calculated using the thermal-neutron extrapolation distance since, 

for this large system the nonleakage probability and, hence, the calculated 7 is insensitive to differences in the edrapo- 
htion distance. 

? 
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FIG. 9. Fissile isotope densities as a function of buckling in critical aqueous solutions of the nitrates of U233 and U235 
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FIG. 10. The hydrogen to fissile isotope ratio as a function of the nonleakage probability 
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LIMITIKG Cowmmwmo~s 
From the data primarily obtained from the cal- 

culation of eta, other information of interest in the 
fields of reactor physics and nuclear safety can be 
deduced. If the concentration of the fksile isotope 
is plotted as a function of the thermal bucklings, 
an extrapolation to zero buckling can be made. The 
intercepts are the lim iting critical concentrations of 
IJ= and U% in these nitrate solutions. This plot 
is shown as Fig. 9. The lim iting critical concentra- 
tions are 11.25 A 0.10 &liter for the P solutions 
and 12.30 =f 0.10 gm/liter for the Cm solutions. 

In addition, if the hydrogen-to-uranium ratio 
from Table XI is plotted as a function of the non- 
leakage probability, the result is a straight line. 
The intercept at P(B) = 1 then represents the 
lim iting H/X ratio for each of the nitrate solutions 
used in these experiments. This plot is shown as 
Fig. 10. The lim iting concentrations for these nitrate 
s&&m are: H : P = 2260 =t 20 and H:UW = 
2110 A 20. These values of the lim iting concentra- 
tion are in excellent agreement with those calculated 
using the critical equations, Eq. (7). 

ERROR ANALE’sIs 

The error analysis has been based on the exper- 
. imental deviations of the measured quantities and 

the errors on all quantities used in the calculations. 
The errors quoted are standard deviations. Since 
the multiplication factor of a critical system can 
be determined to less than 1 X 10J, the errors in 
the eta values are compounded primarily from non- 
l&age probability errors and thermal utilization 
errors. 

The errors in the nonleakage probabilities are 
made up of errors in the leakage parameter, S, and 
the error of 4.6% in the absolute delayed neutron 
yield. The errors in the leakage parameter, S, were 
determined by the observed deviations of reactitities 
as a function of buckling, B2, where buckling errors 
were derived from the variances in the least squares 
fit of the counter data from the measured flux 
traverses. 

Thermal utilization errors are dependent upon 
the macroscopic cross section errors, and range 
from 0.6% for small systems to 0.7 %  in the largest 
Systems. These values are compounded from an 
0.75 %  error in the uranium cross sections, an 0.5 %  
error in the uranium density, and an 0.90% error 
in the hydrogen cross section. 

The errors in the epithermal flux and the reso- 
ante integrals can be as large as 10% tithut 

introducing more than 0.1% error in the epithermal 
flux correction factor. Since the epithermal fissions 
were measured by using the appropriate isotope in 
the foil measurements, the only source of error in 
the correction for epithermal absorptions is in the 
epithermal captures in the uranium isotopes. In 
other words, the ratio of the fission and absorption 
integrals m ight be in error. Because of the size of 
the epithermal correction factor, F, only I %  differ- 
ent from unity, no error has been included for this 
term. 
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