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FOREWORD

The Criticality Data Center was established under the auspices of the
U.S. Atomic Energy Commission for the development of methods allowing
extension and application of data derived from experiments and from
analyses to problems in nuclear criticality safety, as well as for the
review and evaluation of the data themselves. A necessary part of this
program is a medium whereby information germane to the intent of the
Center is made available. This report series has been inaugurated for
that purpose.

The first five reports were published by and identified with the Oak
Ridge National Iaboratory. Subsequent reports, however, issued from
the Y-12 Plant, are identified by a number sequence including the pre-
fix Y-CIC.

Inquiries should be directed to E. B. Johnson, P.0O. Box Y, Oak Ridge,
Tennessee 37830.

Previous Reports in This Series:

ORNL-CIDC-1 Criticality of Large Systems of Subcritical U(93) Com-
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THE CRITICALITY OF CUBIC ARRAYS OF FISSILE MATERIAL

J. T. Thomas

ABSTRACT

Calculated criticality data of water-reflected arrays containing
subcritical components of EBSU, 239Pu, and 233U are presented in tabu-
lar form. The calculations were performed with the KENO Monte Carlo
code and used the Hansen-Roach 16-group neutron cross-section sets.
The response of the array neutron multiplication factor to changes in
the mass of the units provides a systematic measure of subcriticality
for nuclear criticality safety specifications. The effect of concrete
replacing water as a reflector was investigated as well as the neutron
interaction between arrays when separated and reflected by concrete.

A number of practical applications to criticality safety problems is

suggested and guidance is provided for the storage of fissile materials.




I. INTRODUCTION

The problem of the characterization of the criticality of suberiti-
cal components of a particular fissile material arranged in arrays is
basic to nuclear criticality safety practices. Once the criticality
properties of the systems are known, reliable guidance can be had for
common activities encountered in process cycles such as handling, storage
and transport. In practice, the rule and not the exception appears to
be satisfaction with the assurance of arbitrary subcriticality for
specific problems as they arise. Usually, the effort and expense to
complete the description of criticality for a material is avoided for
economic reasons. While this is expedient, it is shortsighted and de-
lays the development of credible, uniform nuclear criticality safety
practices.

In an effort to begin the formulation of a uniform basis for criti-
cality safety evaluations, Monte Carlo calculations of water-reflected
arrays were performed for a variety, but limited number, of fissile
materials. The fissile material is assumed to have spherical geometry
and to be assembled into cubic arrays. It has been shown® that for
sufficiently large arrays (64 units or more) changing the spherical
mass into any other shape results in an array reactivity loss. Further,
rearrangement of the cubic cells into other than a cubic array does not
lead to an increase in array reactivity. The methods and calculational
techniques utilized in this work, which are applicable to arrays of 64
or more units, have minimized the number of calculations necessary to
characterize the criticality of fissile materials. Other fissile ma-
terials than those considered may be examined in a similar manner. The
response of the neutron multiplication factor of arrays to changes in
the mass of the unit is explored and furnishes a consistent method for
evaluating and compensating for conditions that may be expected to aug-
ment the array reactivity. For example, the substitubtion of concrete

in place of water as a reflector may increase the reactivity of an

1. J. T. Thomas, "Uranium Metal Criticality, Monte Carlo Calculations
and Nuclear Criticality Safety," Y-CDC-7, UCC, Oak Ridge Y-12 Plant

(1970)-



array by as much as 13%. This may be compensated by a uniform mass
reduction of about 40% and the system will be returned to its initial
multiplication factor. Consideration is also given to neutron coupling
that takes place between arrays separated and reflected by concrete.
The influence of concrete thickness in such assemblies is investigated.
Under conditions providing maximum-reactivity coupling between two
arrays, the effect on the system reactivity is explored as a function
of the separation of the arrays.

The KENO Monte Carlo code® and the Hansen-Roach 16-group neutron
cross-section sets® are used to define criticality. Validation of the
code and cross-section sets, as well as some of the techniques developed
and used, are presented in the Appendixes and by cited references.
There are many materials considered in physical forms for which no
clean, critical experiments have been performed. This is a deficiency
not likely to be rectified in the foreseeable future, but should not
be a deterrent to examining their criticality by calculation. Where the
code and cross sections reproduce experimental results, greater reliance
may be placed on their application to other calculated configurations
of the same materials. The necessity to validate the code and cross
sections for each material cannot be overemphasized, especially where
nuclear criticality specifications are the end result. In the absence
of such validating calculations, a suitable margin of subcriticality
should be employed to preclude criticality in the application of the

results.

2. G. E. Whitesides and N. F. Cross, "KENO-A Multigroup Monte Carlo
Criticality Program,'" CTC-5, Oak Ridge Computing Technology Center
(1969)-

3. Cordon E. Hansen and William H. Roach, "Six and Sixteen Group Cross
Sections for Fast and Intermediate Critical Assemblies," LAMS-2543,
Tos Alamos Scientific Laboratory (1961).



II. CALCULATED CRITICALITY DATA

The usual approach to exploration of criticality for uniformarrays
of fissile material when a given mass of fissile material as a unit in
each cell is considered is to determine the number of units and their
necessary spacing. Unfortunately, this procedure calls for a great
number of calculations, even for a single physical form of fissile ma-
terial, in order to characterize the critical parameters. One can
achieve the same results, at least in a manner suitable for nuclear
safety specifications, by considering the number of units and their
spacing as fixed and finding the mass of the unit required to produce
criticality. There is no loss in generality nor in the applicability
of the results if the analysis is confined to examining cubic arrays of
spherical units centered in cubic cells. The simplicity of cubic arrays
permits the geometry and dimensions of each array to be completely
described by specifying a single dimension and attaching a subscript to
denote the number of cells along an edge of the array. The most con-
venient dimension is that of the half edge of the cubic cell, a - Thus,
the center spacing of the spherical units is 2an, the edge dimensions
of an array are n-2an, and the total number of units in the array, N,
is nS.

Tt has been demonstrated elsewhere*'® that the NBﬁ method provides
suitable guidance to the calculation of cubic arrays having N greater
than 27. Given two critical arrays of identical units of radius r,
which have been determined by validated calculations, say &, and a_,,

n
the requirement of the method, namely that NB§ be equal to N'Bﬁ,, can
be interpreted as requiring the same fraction of neutrons leaking from
the two arrays. From the dimensions of an array one can express the

geometric buckling as

L. J. T. Thomas, "A Method for Estimating Critical Conditions of Large
Arrays of Uranium," Proceedings of Nuclear Criticality Safety,
December 13-15, 1966, SC-DC-67-1305, p. 189 (1967).

5. J. T. Thomas, "Remarks on Array Criticality Techniques," Proc. of
the Livermore Array Symposium, Sept. 23-25, 1968, CONF-680909, p.
67 (1968).
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where the terms are as defined above and )\ is an extrapolation distance.

By simple manipulation, this may be converted to

2

L 2% nB ‘I
NBﬁ = 1 - ( . (2)
I az 3 ﬁg |

Now the quantity szB§ is a constant, independent of N, and is evaluated
in Appendix B. The above expression can be written, therefore, as a
relationship between the spacings, an, required for criticality of dif-

ferent arrays (N = 64) for spherical units of radius r.

T %% oot ) (3)
ST - C

The result of these relations is apparently that calculations need be
done only for arrays having a fixed number of units, N, but for differ-
ent cell dimensions, an, to determine the required radius of fissile
unit, L establishing criticality. An explicit example is the critical
radii, r_, of U(93.2) metal spheres in 64-unit, water-reflected arrays
shown in Fig. 1 as a function of the half-cell dimension. The radii,
r. have been normalized to ro, the critical radius for unreflected
U(93.2) metal at a density of 18.76 g U/em®. It is to be noted that
the range of a), extends beyond that of practical interest but is includ-
ed for completeness. Each of the points shown is the result of Monte
Carlo calculation.

The data appearing in Fig. 1 may be substituted directly in Eq.
(2) to obtain NBE as a function of & , a particularly useful procedure
when it is desired to determine T, for a given set of cell dimensions
as a function of N. The data are repeated in Fig. 2 where the lines
for various n are prescribed by Eq. (2). The radii of spheres from

which the criticality of water-reflected arrays are readily specified
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Fig. 1. Ratio of the Radius Required to Produce Criticality in a
Reflected Cubic Array of 64 Units to That of an Unreflected U(93.2) Metal
Sphere as a Function of the Half Cell Dimension in the Array.
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are represented to the right of the figure. Noted on Fig. 2 are six
cell sizes selected to display the criticality of U(93.2) metal in
tabular form. Arrays ranging from 64 to 1000 units in integral steps
of n are presented in Table 1 for each cell dimension. The radii shown
were taken from Fig. 2 and the neutron multiplication factors given
were determined by Monte Carle calculations. The calculations evidence
the adequacy of the procedure to characterize the criticality of fissile
materials over a range of practical interest.

The criticality of various fissile materials was explored by the
above technique. The materials selected were oxides, mixed with varying
amounts of water, and metals. The resultsof the study of water-reflected
arrays, presented in Table 2, summarize the critical radii in a format
similar to Table 1.

A few remarks regarding the material composition chosen for this
study should be made to assist in their interpretation. It will be
observed that the fissile materials are described by their principal
constituents. Other isotopes present in small quantities were con-
sidered to be one of the main constituents depending upon their neutron
production or absorption properties. The hydrogen-to-fissile material
ratio in the oxides was determined by assuming the volumes of oxide and
water in the mixture were preserved. Although the calculations were
performed for the dioxides, they may be used to define mass limits for
other oxides. It is believed that the stated fissile material concen-
tration and atomic ratios facilitate this broader application. The fis-
sile material concentration and hydrogen content should not be exceeded
in such applications.

In addition to those Monte Carlo calculations characterizing the
criticality of the fissile materials, the criticality of each array
in Table 2 containing an even-number of cells was also calculated by
the KENO Monte Carlo code and the NBﬁ results were verified to within
one standard deviation except those entries of uranium oxide having less
than 93.2 wt % 235U. Each KENO calculation tracked 30 x 103 neutrons
and resulted in a standard deviation of £ 0.005 at a multiplication

factor of unity.
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Table 1. Monte Carlo Calculations of Water-Reflected Arrays of U(93.2)
Metal Spheres Defined from Fig. 2.

Number of Radius of Spherical Unit in the Given Cubic Cell Dimen-
Units in sion and the Calculated Array Neutron Multiplication
Cubic Array, Factor
N 25.4 cm K pp O (x 10°) 30.48 cem K pp O (x 10°)
64 5.320 1.007 6 5.780 0.991 5
125 5.025 - 5.485 --
216 L. 760 0.995 5 5.265 1.009 5
343 4.536 -- L.o8k --
' 512 4.385 1.00k4 5 4.816 0.991 5
729 L.230 - L.671 -
1000 4.100 1.009 5 L.503 0.993 6
38.1cm K pp O (x 109) 4L5.72 cm K pp © (x 10°)
6l 6.480 1.006 5 6.880 1.006 5
125 6.100 -- 6. 590 --
216 5.811 0.994 5 6.330 1.00k4 6
343 5.579 -- 6.090 --
512 5.435 0.991 6 5.883 0.993 5
729 5.229 -- 5.778 -
1000 5.096 0.993 5 5.637 1.009 5
50.80 cm Kopp O (x 103 60.96 cm K pp © (x 10®)
o 7.160 1.007 5 7.520 1.001 6
125 6.840 - 7.225 --
216 6.620 1.00k4 5 7.058 1.00k4 L
343 6.384 -- 6.80k4 --
512 6.250 1.001 5 6.698 1.007 6
729 6.066 - 6.525 -
1000 5.875 0.998 5 6.416 1.006 5




Table 2. Spherical Radius in Centimeters of Fissile Material Required
for Criticality in Water-Reflected Cubic Arrays.

Number of Radius of Spherical Unit in Array with Cubic
Units in Cell Dimension of
Cubic Array 25.40 30.48 38.10 45,72 50.80 60.96

Uranium Metal; H/U = 0; 18.76 g U/em®; 100 wt % 235U

6l 5.187 5.537 6.286 6.591 6.863 7.237
125 4,886 5.173 5.930 6.275 6.548 7.118
216 L.601 5. 0lh 5.667 6.06k 6.401 6.761
343 4,433 L. 768 . 5.439 5.828 6.170 6.639
512 4,284 L.61k 5.298 5.636 6.067 6.501
729 4.070 4,475 5.130 5. 509 5.906 6.337

1000 4.0k 4,388 5.007 5.400 5.745 6.198

Urenium Metal; H/U = 0; 18.76 g U/em®; 93.2 wt % 225U, 6.8 wt % 2°°U

6l W% 5.320 5.780 6.480 6.880 7.160 7. 520
125 9¢é 5.025 5.485 6.100 6. 590 6.840 7.225
216 8.4 2 L.760 5.265 5.811 6.330 6.620 7.098

343 4.536 L.o8L 5.579 6.090 6.38k4 6.80k
512 4.383 L.816 5.435 5.883 6.250 6.698
729 L.230 L.671 5.229 5.778 6.066 6.525
1000 4,100 4.503 5.096 5.637 5.875 6.416

Uranium Dioxide; H/U = 0.L4; 8.370 g U/em®; 93.2
wt % 235y, 6.8 wt % *°°Uu

6L . oka 71T 7.805 8.642 9.365 10.043 10.654

125 T 6.598 7.257 8.176 8.834 9.465 10.200
216 6.172 6.910 7.780 8. 502 8.876 9.886
343 5.912 6.557 7.668 8.121 8.642 9. 520
512 5.690 6.298 7.271 7.815 8.35k4 9.107
729 5.446 6.050 7.051 7.641 8.080 8.802
1000 5.266 5.868 6.850 7440 7.888 8. 574

Uranium Dioxide; H/U = 3; 4.566 g U/cm®;
93.2wt % *2°U, 6.8 wt % *>°U

6l 7.309 8.067 9.195 10.177 10. 507 11.41h
125 6.880 7.550 8.600 9.450 9.900 10.750
216 6.467 7.149 8.200 9.000 9.611 10.397
343 6.160 6.846 7.840 8.62k 9.065 9.940
512 5.883 6.549 7445 8.295 8.73k4 9.666
729 5.688 6.336 7.335 8.073 8.478 9.315

1000 5. 504 6.111 7.097 7.833 8.218 9.162



Table 2 (Cont'd)

Number of Radius of Spherical Unit in Array with Cubic
Units in Cell Dimension of
Cubic Array 25.40 30.48 38.10 Ls.72 50.80 60.96
Uranium Dioxide; H/U = 10; 2.05% g U/cm®;
93.2 wt % °35u, 6.8 wt % 23°U
N 7.548 8.416 9. 537 10.360 10.947 11.660
125 7.010 7.850 8.900 9.750 10.300 11.050
216 6.712 7.426 8.409 9.312 9.873 10.745
343 6.335 7.070 8.043 8.925 9.443 10.290
512 6.082 6.797 7.708 8.642 9.125 10.013
729 5.868 6.561 7.425 8.316 8.820 9.720
1000 5.677 6.369 7.288 8.064 8.533 9.452
Uranium Dioxide; H/U = 20; 1.150 g U/cm®;
93.2 wt % 235U, 6.8 wt % 238y
6l 7.700 8.465 9.679 10. sk 11.082 11.950
125 7.175 7.910 9.000 9.800 10. 500 11.275
216 6.784 7.0k 8.487 9.479 10.018 10.885
343 6.475 7-175 8.120 8.967 9.618 10.451
512 6.18k4 6.910 7.809 8.677 9.245 10.128
729 6.021 6.669 7.542 8.370 8.982 9.828
1000 5.805 6.541 7.435 8.093 8.641 9.576
Uranium Dioxide; H/U = 0.4; 8.369 g U/cm3;
80 wt % 235U, 20 wt % 22U
6k 7.300 8.079 9.202 9.914 10.40L 11.260
125 6.800 7.545 8.590 9.290 9.800 10.670
216 6.453 7.174 8.100 8.952 9.408 10.290
343 6.146 6.825 7.756 8. 540 9.016 9.807
512 5.909 6.556 7.468 8.247 8.732 9.555
729 5.688 6.354 7.200 7.992 8.460 9.270
1000 5.496 6.145 6.983 7747 8.203 9.026
Uranium Dioxide; H/U = 3; 4.570 g U/em®
80 wt % 23°u, 20 wt % 22%u
an 7.650 8.600 9.541 10.445 10.962 11.845
125 7.125 7.980 8.910 9.800 10.310 11.235
216 6.735 7. 520 8.4h9k 9.420 9.907 10.817
343 6.405 7.175 8.092 8.946 9.450  10.325
512 6.139 6.877 7.850 8.682 9.185 10.048
729 5.886 6.624 7. 560 8.415 8.87h 9.720
1000 5.675 6.390 7.316 8.148 8.619 9.499
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Table 2 (Cont'd)

Number of Radius of Spherical Unit in Array with Cubic

Units in Cell Dimension of
Cubic Array 25.40 30.48 38.10 L5, 72 50.80 60.96

Uranium Dioxide; H/U = 10; 2.057 g U/cm®;
80 wt % 23U, 20 wt % 22°y

64 7.748 8.726 9.772 10.699 11.227 12.030
125 7.215 8.115 9.140 10.100 10. 590 11.480
216 6.865 7.672 8.722 9.610 10.095 11.016
343 6.510 7.287 8.309 9.11k 9.709 10. 598
512 6.267 6.994 7+995 8.88k 9.368 10.289
729 6.030 6.759 7.722 8.605 9.081 9.972

1000 5.823 6.525 7.462 8.302 8.803 9.707

Uranium Dioxide; H/U = 20; 1.152 g U/cm®;
80 wt % 235y, 20 wt % 228U

6l 7.810 8.640 9. 774 10.675 11,194 12.163
125 7.255 8.045 9.125 10.025 10. 500 11. 500
216 6.860 7.596 8.635 9.531 10.042 10.970
343 6.545 7.266 8.225 9.107 9.60k4 10. 500
512 6.252 6.95 7.916 8.795 9.275 10.202
729 6.066 6.741 7.632 8.496 9.000 9.873

1000 5.874 6.508 7.0k 8.219 8.715 9.611

Uranium Dioxide; H/U = 0.k; 8.372 g U/cm®;
70 wt % 235U, 30 wt % 238U

64 7. 590 8.373 9.482 10.386 10.900 11.679
125 7.025 7.810 8.875 9.750 10.270 11.050
216 6.670 7.418 8.415 9.287 9.833 10.721
343 6.335 7.049 8.036 8.855 9.366  10.206
512 6.077 6.763 7.745 8.555 9.100 9.958
729 5.850 6.534 7.-470 8.253 8.766 9.639

1000 5.668 6.327 7.246 8.010 8.539 9.k12

Uranium Dioxide; H/U = 3; L.574 g U/cem?3;
70 wt % 235U, 30 wt % ZSSU

6l 7775 8.707 9. 747 10.786 11.320 12.206
125 7.250 8.090 9.100 10.125 10.690 11. 540
216 6.917 7.698 8.707 9.651 10.188 11.148
343 6.559 7.294 8.309 9.198 9.77h 10.765
512 6.315 7.031 7.991 8.886 9.423 10.351
729 6.084 6.795 7.749 8.622 9.135  10.080

1000 5.862 6.575 7.487 8.300 8.80k4 9.765
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Table 2 (Cont'd)

Number of Radius of Spherical Unit in Array with Cubic
Units in Cell Dimension of
Cubic Array 25,540 30.48 38.10 L5,72 50.80 60.96

Uranium Dioxide; H/U = 10; 2.059 g U/cm®;
70 wt % 235U, 30 wt % 238U

64 7.973 8.788 9.886 10.855 11.476 12.454
125 7.375 8.185 9.260 10.235 10.765 11.750
216 6.956 7.737 8.791 9.745 10.277 11.256
343 6.636 7.385 8.365 9.275 9.81k 10.773
512 6.342 7.089 8.085 8.948 9.480 10.443
729 6.120 6.858 7.785 8.640 9.198 10.125
1000 5,924 6.608 7.554% 8.384 8.882 9.828

Uranium Dioxide; H/U = 20; 1.153 g U/cm®;
70 wt % 235U, 30 wt % 238U

6L 7.926 8.772 9.9k 10.775 11.484 12.373
125 7.390 8.225 9.275 10.150 10.785 11. 740
216 7.003 7. 794 8.815 9.771 10.315 11.287
343 6.650 7.406 8.400 9.292 9.81+  10.822
512 6.393 7.118 8.090 8.996 9. 540 10.479
729 6.138 6.858 7.812 8.649 9.180 10.143

1000 5,924 6.657 7+579 8.403 8.91k4 9.886
Uranium Dioxide; H/U = 0.4; 8.377 g U/cm®;
50 wt % 235U,/50 Wt % zan € /

6l 8.226 9.189  10.k1k 11.k1k 11.978 13.072
125 7.690 8.465 9.745 10.700 11.255 12.920
216 7.232 8.080 9.216 10.190 10.785 11.795
3h3 6.860 7.644 8.750 9.709 10.220 11.291
512 6.583 7.376 8.hok 9.360 9.919 10.929
729 6.318 7.119 8.136 9.018 9.603 10.620

1000 6.135 6.853 7.845 8. 747 9.288 10.280

Uranium Dioxide; H/U = 3; 4.580 g U/cm®;
50 wt % 235U, 50 wt % 238U

o 8.292 9.192 10.350 11.452 12.106 13.093
125 7.725 8.535 9.685 10.750 11.400 12.350
216 7.210 8.073 9.206 10.213 10.789 11.831
343 6.881 7.658 8.750 9.723 10.325 11.375
512 6.581 7.354 8.415 9.386 9.943 10.968
729 6.345 7.092 8.136 9.018 9.612 10. 746

1000 6.085 6.833 7.858 8.757 9.31k4 10.321
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Table 2 (Cont'd)

Number of Radius of Spherical Unit in Array with Cubic
Units in Cell Dimension of
Cubic Array 25.540 30.48 38.10 45,72 50.80 60.96
Uranium Dioxide; H/U = 10; 2.063 g U/em®;
50 w.t % ESSU, 50 wk % 238U
6l 8.216 9.135 10. 446 11.433 12.000 13.027
125 7.660 8.520 9.750 10.715 11.260 12.270
216 7.234 8.089 9.211 10. 174 10.761 11.759
343 6.860 7.700 8.792 9.716  10.290  11.305
512 6.592 7.376 8.h27 9.390 9.960 10.940
729 6.345 7,146 8.127 9.018 9.612 10.602
1000 6.124 6.931 7.857 8.766 9.318 10.298
Uranium Dioxide; H/U = 20; 1.156 g U/cm®;
50 wt % 23°U, 50 wt % **°U
6l 8.152 8.999  10.250  11.190  11.745  12.573
125 7. 540 8.400 9. 570 10.465 11.060 11.952
216 7.140 7.973 9.027  10.030 10. 557 11.543
343 6.797 7. 560 8.666 9.534 10,150  11.025
512 6.511 7.293 8.296 9.214 9.775 10. 7hh
729 6.309 7.020 8.010 8.955 9.522 10.413
1000 6.094 6.783 7.769 8.636 9.163 10.166
Uranium Dioxide; H/U = 0.k; 8.382 g U/cm®;
30 wt % 235U, 70 wt % 238U
64 9. 536 10.622 12.091 13.431 14.182 15.492
125 8.800 9.995 11.250 12. 500 13.260 1k. 500
216 8.343 9.317 10.655 11.856 12.582 13.897
343 7.903 8.904 10.143 11.256 11.970 13.237
512 7.572 8.501 9.725 10.859 11.539 12.809
729 7.299 8.226 9.423 10.422 11.133 12.375
1000 7.052 7.889 9.068 10.111 10.768 11.992
Uranium Dioxide; H/U = 3; L4.587 g U/cm®;
30 wt % 235U, 70 Wt % 238U
6l 8.903 9.928 11.289 12.497 13.115 14.239
125 8.275 9.255 10.510  11.700 12.290 13.400
216 7.821 8.762 9.950 11.055 11.731 12.898
343 7.ha7 8.330 9.46k 10. 556 11.200 12.250
512 7.145 7.984 9.090 10.154 10.810 11.915
729 6.849 7.722 8.892 9.86k4 10.440 11.484
1000 6.606 7.432 8.517 9.459 10.093 11.199
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Table 2 (Cont'd)

Number of Radius of Spherical Unit in Array with Cubic
Units in Cell Dimension of
Cubic Array 25.40 30.48 38.10 45,72 50.80 60.96
Uranium Dioxide; H/U = 10; 2.067 g U/cm3;
30 wt % 235U, 70 wt % 238U
64 8.624 9.616  10.846  11.981  12.57h 13.636
125 8.000 8.950 10.150 11.235 11.785 12.900
216 7.548 8.419 9.648  10.651  11.237  12.33k
343 7.175 8.036 9.128  10.143  10.72F  11.830
512 6.867 7.681 8.778 9.781 10.386 11.408
729 6.642 7.416 8.460 9.432 10. 04k 11.070
1000 6.375 7.170 8.191 9.100 9.72k4 10.76k4
Uranium Dioxide; H/U = 20; 1.158 g U/cm®;
30 wt % 235U, 70 wt % 238U
6l 8.457 9.448 10.638 11.657 12.234 13.200
125 7.910 8.780 9.960 10.910 11. 500 12.485
216 7.h21 8.285 9.466 10.4k01 10.965 11.987
343 7.070 7.910 8.967 9.877 10. 500 11.4oh
512 6.787 7. 562 8.638 9.572 10.154 11.1k1
729 6.507 7.290 8.325 9.225 9.885 10.809
1000 6.303 7.051 8.07k 8.990 9.537 10. 524
Plutonium Metal; H/Pu = 0; 19.70 g Pu/cm®;
100 wt % 23°Pu
6L 3.670 3.920 4,184 bohak L. 460 4,580
125 3.530 3.790 4,015 h.250 %.350 4. 460
216 3.399 3.641 3.915 h.15% k.ot L.375
343 3.280 3.528 3.794 L.ok6 h.183 k.312
512 3.175 3.432 3.723 3.986 4.120 L.285
729 3.060 3.339 3.654 3.906 L.050 L.230
1000 2.970 3.259 3.576 3.84k4 3.919 4,183
Plutonium Dioxide; H/Pu = 0.4; 8.731 g Pu/cm®;
100 wt % 23°Pu
6l 5.408 5.911 6.556 6.950 7.160 7.698
125 5.080 5.545 6.200 6.575 6.875 7.395
216 4,800 5.288 5.950 6.482 6.651 7.152
343 4, 502 5.089 5.726 6.146 6.475 6.951
512 b, k20 4.890 5.546 5.992 6.375 6.705
729 L, 266 4,770 5.373 5.814 6.210 6.660
1000 4.130 4,655 5.208 5.704 5.985 6.512
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Number of Radius of Spherical Unit in Array With Cubic
Units in Cell Dimension of
Cubic Array 25.40 30.548 38.10 L45.72 50.80 60.96
Plutonium Dioxide; H/Pu = 3; 4.707 g Pu/cm®;
100 wt % 23°pu
64 6.329 6.863 7.737 8.256 8.576 9.185
125 5.875 6.415 7.250 7.805 8.160 8.750
216 5. 504 6.120 6.924 7.536 7.900 8.513
343 5,264 5.866 6. 594 7-189 7. 560 8.176
512 5.119 5.685 6.368 7.01k4 7.389 7.965
729 4,860 5.490 6.156 6. 777 7.182 7.785
1000 4. 710 5.312 5.989 6.580 6.992 7.616
Plutonium Dioxide; H/Pu = 10; 2.101 g Pu/em®;
100 wt % 23°pu
6l 6.966 7.688 8.624 9.342 9.795 10. 514
125 6.480 7.200 8.100 8.800 9.250 10.000
216 6.104 6.814 7.719 8.478 8.890 9.662
343 5.859 6.552 7.385 8.120 8.540 9.317
512 5.617 6.296 7.13k4 7.811 8.265 9.050
729 5.418 6.075 6.867 7.59% 8.028 8.811
1000 5.247 5.856 6.617 7.360 7.812 8. 584
Plutonium Dioxide; H/Pu = 20; 1.173 g Pu/cm®;
100 wt % 23°Pu
6l 7.315 8.050 9.032 9.927 10.473 11.186
125 6.790 7.545 8. 500 9.375 9.710  10.550
216 6.458 7.200 8.120 9.009 9.270 10.136
343 6.118 6.832 7.728 8.666 8.939 9.730
512 5.912 6. 544 7.409 8.334 8.657 9.4k71
729 5.679 6.372 7.182 8.082 8. 42k 9.180
1000 5.463 6.156 6.97h 7.812 8.151 8.954
Plutonium Metal; H/Pu = 0; 19.74 g Pu/cm®;
ok.8 wt % 229Pu, 5.2 wt % *4°Pu
64 3.700 4.003 k.251 L Ll L. 526 L.707
125 3.598 3.895 4.125 4.325 4. h50 4.605
216 3.429 3.731 k.013 L.206 L.306 k. 523
343 3.318 3.626 3.878 L.123 L.228 b ol
512 3.191 3.458 3.750 4.013 4,168 4.319
729 3.123 3.h11 3.703 3.978 4,104 4.275
1000 3.02h 3.318 3.655 3.928 L,ok1 h.227
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Table 2 (Cont'd)

Number of Radius of Spherical Unit in Array with Cubic
Units in Cell Dimension of
Cubic Array  25.40 30.48 38.10 L5.72 50.80 60.96
Plutonium Dioxide; H/Pu = 0.4; 8.732 g Pu/cm®;
ok.8 wt % 22°Pu, 5.2 wt % **°Pu
6l 5.539 6.025 6.693 7.200 7.478 7. 764
125 5.185 5.685 6.325 6.875 7.160 7. 500
216 L. 900 5.7 6.075 6.619 6.869 7.386
343 b, 70k 5.187 5.810 6.335 6.636 7.105
512 4, sh6 5.046 5.622 6.130 6.462 6.920
729 4.392 4.878 5.445 6.012 6.300 6.795
1000 4,262 L.694 5.281 5.866 6.112 6.675
Plutonium Dioxide; H/Pu = 3; 4.708 g Pu/cem®;
9.8 wt % 23°Pu, 5.2 wt % **°Pu
6k 6.478 7.163 8.036 8.525 8.96% 9.697
125 6.050 6.690 7.505 8.150 8.510 9.225
216 5.773 6.350 7.175 7.835 8.223 8.943
343 5.488 6.090 6.846 7.525 7.896 8.575
512 5.278 5.84kL 6.610 7.293 7.658 8.341
729 5.085 5.670 6.390 7.056 7.k52 8.127
1000 4.898 5.493 6.197 6.834 7.23k4 7.918
Plutonium Dioxide; H/Pu = 10; 2.101 g cm®;
ok.8 wt % 23°puy, {5.2 wt % *%*°Pu P/
6k 7.536 8.285 9.311 10.160 10. 5k 11.541
125 7.020 7775 8.750 9.600 10.000 10.950
216 6.668 7395 8.361 9.209 9.631 10.484
343 6.307 7.056 7.980 8.806 9.184 10.066
512 6.050 6.800 7.692 8.541 8.920 9.891
729 5.850 6. 570 7.443 8.298 8.658 9.486
1000 5.632 6.295 7.202 7.974 8.450 9.252
Plutonium Metal; H/Pu = 0; 19.74 g Pu/cm®;
80 wt % 23°Pu, 20 wt % **°Pu
6k 3.880 k.1k2 4,384 4,618 .68k 4.889
125 3.675 3.950 4.210 4.Lk35 4. 550 4. 750
216 3.52k 3.80L L. 16k 4.351 L.515 h.612
343 3.402 3.654 4,053 L.235 L. 347 4. 564
512 3.334 3.598 3.921 L,1h2 k.302 4,511
729 3.222 3.456 3.825 4.086 L, 226 L. 428
1000 3.139 3.38k 3.765 4.019 4,183 4.391
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Table 2 (Cont'd)

Number of Radius of Spherical Unit in Array with Cubic
Units in Cell Dimension of
Cubic Array 25.40 30.48 38.10 L5, 72 50.80 60.96

Plutonium Dioxide; H/Pu = 0.4; 8.733 g Pu/em®;
80 wt % 22°Pu, 20 wt % **°Pu

6k 5.758 6.310 6.990 7.410 7.666 8.104
125 5.385 5.900 6.615 7.095 7.300 7.825
216 5.153 5.673 6.331 6.865 7.151 7.628
343 L. oho 5.439 6.076 6.601 6.853 7.420
512 L.775 5.266 5.892 6.h27 6.704 7.250
729 4.617 5.103 5.715 6.273 6.525 7.110
1000 L.386 4.955 5. 530 6.050 6.398 6.932
Plutonium Dioxide; H/Pu = 3; 4.709 g Pu/cm®;
80 wt % 22°Pu, 20 wt % 2*°Pu
64 6.939 7.603 8. 51k 9.245 9.612 10.287
125 6.490 6.900 8.075 8.750 9.210 9.81
216 6.130 6.831 7.722 8.342 8.832 9.55
343 5.852 6.510 7.350 8.043 8. 526 9.184
512 5.617 6.276 7.128 7.851 8.300 8.970
729 5.427 6.075 6.876 7. 560 8.073 8.775
1000 5.230 5.837 6.676 7.298 T+795 8.513
Plutonium Dioxide; H/Pu = 10; 2.102 g Pu/cm®;
80 wt % 23°Pu, 20 % **°Pu
6l 8.292 9.283 10.420 11.441  11.935  13.008
125 7.750 8.740 9.785 10.750 11.250 12.300
216 7.256 8.160 9.341 10.269 10.788 11.928
343 7.000 7.875 8.890 9.800  10.325  11.354
512 6.735 7.583 8.503 9.455 10.009 11.020
729 6.498 7.335 8.316 9.099 9.693 10.692
1000 6.278 7.050  8.070 8.849 9.386 10.390
Uranium Metal; H/U = 0; 18.40 g U/cm?;
100 wt % 233U
6l L.o3k 4,371 L. 736 5.013 5.1 .
125 3.865 k.162 4. 500 L.795 4.9% 223?
216 3.666 3.983 4,393 k.657 L.817 5.115
343 3.577 3.892 k.270 L. 550 4,739 5.005
512 3.415 3.749 L.116 4. L72 4.688 4,862
729 3.316 3.600 k.005 k.311 L. 500 4,770

1000 3.202 3.512 3.926 L.2ho 4,416 4.733
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Table 2 (Cont'd)

Number of Radius of Spherical Unit in Array with Cubic
Units in Cell Dimension of
Cubic Array 25.40 30.48 38.10 45,72 50.80 60.96
Uranium Dioxide; H/U = 0.L4; 8.214 g U/em®;
100 wt % 233U
6k 5.609 6.151 6.899 7.462 7.770 8.247
125 5.250 5.755 6.485 7.050 7.350 7.900
216 k. 957 5.513 6.225 6.799 7.07h 7.653
343 L. 746 5,250 5.908 6. 510 6.825 7.420
512 4.575 5.038 5.732 6.316 6.645 T.241
729 L.410 L.o1k 5. 526 6.138 6.462 7.07h
1000 L.254 Yo7 5.362 5.870 6.276 6.859
Uranium Dioxide; H/U = 3; 4.501 g U/cm®;
100 wt % 233U
6k 6.226 6.881 7.651 8.337 8.740 9.400
125 5.785 6.457 7.200 7.875 8.260 8.900
216 5. 503 6.132 6.90k4 7. 544 7.935 8.622
343 5. 194 5.854 6.573 7.210 7,644 8.260
512 5.038 5.621 6.373 6.987 7.378 8.060
729 4.815 5.409 6.120 6.750 7.200 7.830
1000 L.670 5,200 5. 960 6.597 7.013 7.625
Uranium Dioxide; H/U = 10; 2.030 g U/cm®;
100 wt % *23U
6k 6.588 7.307 8.194 8.960 9.281 10.175
125 6.150 6.800 7.650 8.400 8.800 9.625
216 5.828 6.497 7.295 8.022 8.489 9.231
343 5. 5k 6.160 6.930 7.637 8.120 8.834
512 5. 304 5,914 6.685 7.380 7.823 8.539
729 5.130 5.715 6.453 7.155 7.650 8.280
1000 L.g952 5,517 6.230 7.024 7.436 8.088
Uranium Dioxide; H/U = 20; 1.138 g U/cm®;
100 wt % 233U
6l 6.695 7.455 8.h45k4 9.161 9.511  10.310
125 6.250 6.950 7.910 8.590 9.000 9.790
216 5.941 6.600 7.511 8.200 8.615 9.419
343 5.628 6.300 7.175 7.875 8.260 9.100
512 5.412 6.073 6.859 7.640 8.094 8.850
729 5.220 5.850 6.678 7.371 7.830 8.622
1000 5.040 5.664 6.478 7.133 7.614 8.312
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Verification by Monte Carlo calculation of oxides having ®2°U con-
tent below U(93.2) was limited to examination of only one composition.
The U(BO)O2 at a hydrogen-to-uranium ratio of 3.0 was selected as an
example and the arrays of even numbered units for each cell size were
computed. In this case the KENO Monte Carlo code was programmed to
determine the radius, T, that would result in a multiplication factor
of unity within one standard deviation for 30 X 102 neutron histories.
These radii are given in Table 3 along with the corresponding multipli-
cation factors. The agreement with the entries in Table 2 is con-
sidered to be good. It is interesting to note the comparison between
"the corresponding radii of the 6k-unit arrays in the two tables. Since
both sets of data were determined by Monte Carlo calculation with about
the same precision, their differences may be interpreted as a measure
of the accuracy of the statistical process by which they were produced.
The average ratio of the corresponding radii in Tables 2 and 3 is

0.9954% + 0.0037.

The greatest projected usefulness of the criticality data pre-
sented in Fig. 2 is their possible adoption as a basic system of
reference to provide guidance in the storage of fissile materials and
in the evaluation of factors affecting array criticality. For each of
the fissile materials considered, there is a sufficient number of cri-
tical systems defined in the table to produce the characteristic cri-
ticality display shown in Fig. 2. There remains the establishment of
a scale for the selection of & degree of safety, or, equivalently, the
degree of subcriticality acceptable to current or future safety prac-
tices. This is managed effectively by determining the behavior of the
array multiplication factor as the radius of the units in a critical
array is reduced from T, Thus, an observed change in reactivity may
be associated with a given change in the mass of the units in an array.

The relationship is explored in the following section.

>
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Table 3. Monte Carlo Calculated Critical Radii in Centimeters and
Their Multiplication Factors for U(SO)O Spheres at an
H/U = 3 in Water-Reflected Cubic Arra.ys
N an=12.7 Kepp © (x 10%) an=15.2l+ keff o (x10%)
6l 8.342 1.000 6.7 9.268 1.003 5.7
216 7.228 1.000 6.1 8.145 1.005 6.1
512 6.599 1.004 7.3 7.408 0.997 5.k
1000 6.096 0.996 6.6 6.869 0.996 6.4
N a =19.05 K pp © (x 103) an=22.86 Ko pp O (x 109
64 10. Lkok 1.000 6.5 11.505 1.003 5.4
216 9.278 1.004 6.5 10.242 1.005 5.1
512 8.505 1.000 7.2 9.377 0.998 5.8
1000 7.894 0.998 5.9 8.847 1.002 6.6
N an=25-l+ K oo O (x 10®) an=3o.u8 K pp O (x 103)
6L 12.120 1.005 6.2 13.036 1.000 5.8
216 10.861 1.006 6.2 11.930 0.999 5.9
512 9.961 1.00k4 6.8 10.978 0.997 5.6
1000 9.325 1.001 6.5 10.411 1.001 6.0
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III. THE RELATION BETWEEN ARRAY MULTIPLICATION FACTOR AND UNIT MASS

The ability to establish an upper limit for the multiplication
factor of subcritical arrays is useful in circumventing detailed analy-
ses in routine practices. The adoption of an acceptable margin of
safety for a plant-wide storage system would allow the interchange of
components among the storage arrays without violation of specified
limits. Safety factors usually arbitrarily applied because of changes
in arrays such as, array moderation, unit and cell shape, or array
composition, may be expressed as a reduction in the allowable mass limit

provided an estimate of their effect on array reactivity can be made.

Five reflected arrays from Table 2, selected to provide a range of
neutron spectra and of unit sizes, were calculated to determine the
decrease in array reactivity as the radius of the units in the arrays
was reduced. An additional array of metal cylinders, having equal
height and diameter, also was examined. These calculations are sum-
marized in Fig. 3 where the array multiplication factor is shown as a
function of the ratio of the radius, r, of the unit in the subcritical
array to that of the radius, r. in the criticél array. The critical
conditions for the arrays are given in the table at the bottom of the

figure.

It appears that the variation in keff is almost direct with the
fractional reduction in r, over the initial 10% in keff' Below a keff
of ~0.9, the direct relation, represented by the line shown, is most
nearly maintained for units having predominately fast neutron leakage;
but for units containing water, the reduction in keff is more rapid than
is the decrease in r/rc. This behavior parallels that of the multipli-
cation factor for single units when the radius is reduced. Thus, an
upper bound for the multiplication factor of water-reflected arrays
comprised of spheres of reduced radius may be taken as the ratio r/rc.
It is possible, therefore, to specify a minimal margin of safety in

terms of the array multiplication factor.
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Fig. 3. Effect on the Computed Array Neutron Multiplication
Factor Caused by a Reduction in the Spherical Radius Required for
Criticality in Water-Reflected Arrays.
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IV. INFLUENCE OF CONCRETE ON NEUTRON INTERACTION BETWEEN ARRAYS

In nuclear safety practices, it is perhaps more common to consider
arrays reflected by concrete rather than by water. The common use of
water as a reference material against which reflector effects are
evaluated in safety analyses is an outgrowth of the development of
practices based upon experimental data. Water is a convenient and
effective reflector to use in the experimental determination of minimum
critical parameters of fissile materials. A significant advantage of
water as a reflector about large arrays is its ability to provide neu-
tron shielding; for example, very negligible neubtron coupling will be
realized between two arrays separated by a 30-cm thickness of water.
Compared to water and dependent upon the thickness employed, concrete
as a reflector exhibits an improved neutron abledo. Concrete is less
effective than water as a neutron reflector for thicknesses less than
about 15 cm principally because of the transmission of neutrons through
the concrete, i.e., a greater fraction of neutrons are lost from the
enclosed fissile material. It follows that the reactivity observed in
a system of coupled arrays separated by concrete will be greater than
the same system when separated by water. Calculative results have de-
tected the effect of neutron transmission through a layer of concrete

between arrays as thick as 40 cm.

Although there are many isolated instances, experimental and cal-
culated, that may be cited to demonstrate the points mentioned above,
there is a need to establish a basis whereby such comparisons may be
expressible in terms of a safety margin. In performing a systematic
study of the influence of concrete on array interaction, it is reason-
able to expect some effect on the observed neutron multiplication factor
of coupled systems due to array size, the reactivity of an individual
array, the concrete thickness present, and the number of arrays con-
sidered. Of these parameters, the one most likely to provide a measure
and control of reactivity changes is the multiplication factor of an
individual array. The array reactivity is essentially determined by

the unit radius or mass, thus, the water-reflected critical arrays of
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Table 2 and the reactivity-mass relationship depicted in Fig. 3 furnish

a crude, but acceptable, index of a safety margin in terms of reactivity.

The study was made economically feasible by applying the differen-
+tial albedo method used in the water-reflected array studies to con-
crete and by including the effect of neutrons transmitted through the
concrete. The resultant albedo-transmission technique (A-T) is descri-
bed and validated in Appendix A. Observed reductions in computing
times compared to complete neutron tracking in concrete have been be-
tween 3 and 10 depending upon the size and number of arrays as well as

the concrete thickness considered.

An assembly of arrays as described in the Monte Carlo calculation
consisted of the following. Each array was cubic; the reflecting con-
crete was located at the outer cell boundaries of the arrays; the arrays
were identical; and the same concrete thickness separated adjacent

arrays as reflected the assembly of arrays.

Utilizing the calculated criticality data of Table 2, it is possible
to assign a maximum subcritical multiplication factor to each array
considered when reflected by water. This was accomplished by assigning
to the spherical units in each cell a radius determined by the product
. In

ff
this manner each array in a system of arrays will have the same multi-

of L from the table, and a selected subcritical value for ke

plication factor. This similarity among the individual arrays makes
more meaningful any observed change in the reactivity of the systems

when the parameters describing the system are varied.

The calculated multiplication factor for planar arrangements of
arrays in concrete are given in Table 4. The array occupying each con-
crete enclosure in a system is described by the radius, r, of the spher-
ical unit, its mass, m, the total mass in the array, Nm, the half-cell
dimension, a the neutron multiplication factor of the array with a
water reflector, and the cubic array dimension. The concrete thickness
was taken as 10.16, 20.32, 30.48, and 40.64 cm surrounding a single

array and surrounding and separating the adjacent array arrangements.



27

Table 4. Calculated Multiplication Factors for Concrete-Reflected and
-Separated Systems of Arrays.

System Multiplication Factor for Concrete Thicknessesaof

Arrangement
of Arrays 10.16 cm 20.32 cm 30.48 cm 40.64 em
= 4.111 em, m = 5.460 kg U(93.2) metal, N = 1179 ke
= 12.70 cm, k_ (water-reflected array) = 0.85
Cubic array dimension = 152 cm (5 ft)
1x2x1 0.867 1.007 1.007 0.992
2 x2x1 0.946 1.055 1.030 1.006
lx1lxl 0.790 0.943 0.975 0.977
= 3.869 cm, m = L.551 kg U(93.2) metal, N = 983 kg
= 12.70 cm, (water-reflected array)'= 0.80
Cubic array dlmen51on = 152 em (5 ft)
1 x2x1 0.793 0.937 0.931 0.936
2x2x1 0.892 0.993 0.922 0.947
1x1lx1 0.733 0.87k4 0.915 0.916
= 3.627 cm, m = 3.749 kg U(93.2) metal, N, = 810 kg
= 12.70 cm, (water-reflected array) ﬁ=O 75
Cubic array d1mens1on = 152 cm (5 ft)
1 x2x1 0.736 0.871 0.967 0.870
2 x2x1 0.826 0.921 0.896 0.879
1 x1x1l 0.678 0.821 0.836 0.849
r = 3.485 em, m = 3.326 kg U(93.2) metal, N = 3326 kg
a,,=12.70 em, k_o (water-reflected array) = 0.85
ciBic array dimension = 254 cm (8.3 ft)
1 x2x1l 0.828 0.996 1.008 0.995
2 x2x1l 0.945 1.066 1.026 1.007
lx1lx1 0.763 0.936 0.956 0.982
r = 3.280 cm, m = 2.773 kg U(93.2) metal, N = 2773 kg
a. . =12.70 cm, (water-reflected array) = 0.80
ciBic array dlme331on = 254 em (8.3 ft)
1x2x1 0.772 0.921 0.934 0.926
2 x2x1 0.876 0.993 0.973 0.940
I1xlx1l 0. 714 0.868 0.905 0.917
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Table 4 (Cont'd)

System Multiplication Factor for Concrete Thicknessesa of

Arrangement

of Arrays 10.16 cm 20.32 cm 30.48 cm 40.64 cm
r =4.998 cm, m = 9.811 kg U(93.2) metal, N, = 2119 kg
a, = 19.05 cm, k (water-reflected array) = 0.85
Cubic array dimeRsion = 228.6 cm (7.5 ft)

1 x2x1 0.849 0.954 0.946 0.944

2 x2x1 0.922 0.99k4 0.976 0.947

2 x2x2 1.019 1.052 1.004 0.973
r = 5.666 cm, m = 14.294% kg U(93.2) metal, N = 3088 kg
a, = 25.4 cm, k (water-reflected array) =10.85
Cubic array diménsion = 304.8 cm (10 ft)

1x2x1 0.861 0.931 0.933 0.93k

2 x2x1 0.908 0.965 0.951 0.934

2 x2 x2 0.983 1.013 0.971 O.9M8
r = 6.069 cm, m = 17.566 kg U(93.2) metal, N = 3794 kg
a, = 30.48 cm, k (water-reflected array) = 0.85
Cubic array dimension = 365.8 cm (12 ft)

1x2x1 0.868 0.933 0.924 0.91k%

2x2x1 0.909 0.954 0.921 0.925

2 x2x2 0.972 0.986 0.943 0.922
r = 8.105 cm, m = 18.694 kg U(30)(H/U=0.4), N =119 kg
2, = 12.70 cm, k_ (water-reflected array) < 0.85
Cubic array dimension = 101.6 cm (3.3 ft)

lx2x1 0.851 1.010 1.025 1.011

2 x2x1 0.965 1.086 1.058 1.025

1x1lx1l 0.76k4 0.948 0.986 1.00k
r=7.629 cm, m=15.590 kg U(30)(H/U=0.k), N =998kg
8, =12.70 cm, k_.. (water-reflected array) < 0.80
Cubic array dinmension = 101.6 cm (3.3 ft)

1x2x1 0.787 0.953 0.965 0.960

2x2x1 0.915 1.032 1.009 0.972

1 x1lxl 0.6% 0.891 0.933 0.931
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Table 4 (Cont'd)

System Multiplication Factor for Concrete Thicknesses® of

Arrangement
of Arrays 10.16 cm 20.32 cm 30.48 em L0.6k em
r=7.152 cm, m = 12.485 kg U(30)(H/U=0.4), N =822 kg
a, = 12.70 cm, L (water-reflected array) <U.75
Cubic array dimension = 101.6 cm (3.3 ft)
1 x2x1l 0.724 0.899 0.910 0.907
2x2x1 0.8k41 0.977 0.949 0.912
1x1lx1l 0.641 0.835 0.870 0.888
r=2.889 cm, m=1.990 kg Pumetal, N_ = 430 kg
8s=12.70 cm, k (water-reflected array) = 0.85
Cubic array diménsion = 152.4 cm (5 ft)
1x2x1 0.856 0.936 0.933 0.938
2 x2x1 0.903 0.975 0.966 0.938
1 x1lx1l 0.789 0.909 0.918 0.91k4
4 =2.719 cm, m=1.659 kg Pu metal, N_ =358 kg
s =12.70 cm, k_opo (water-reflected Srray) = 0.80
Cubic array diménsion = 152.4% em (5 ft)
1 x2x1 0.782 0.873 0.871 0.872
2 x2x1 0.852 0.923 0.893 0.879
1x1x1l 0.746 0.832 0.861 0.863

r=2.549 cm, m=1.367 kg Pu metal, N =295 kg
a, = 12.70, keff (water-reflected array) = 0.75
Cubic array diménsion = 152.4 cm (5 ft)

1x2x1 0.730 0.802 0.808 0.808
2 x2x1l 0.783 0.843 0.821 0.812
1 x1lx1l 0.685 0.775 0.796 0.796

r=3.267 cm, m=2.901 kg Pu metal, N =2901 kg
a.. = 22.86 cm, k (water-reflected array) = 0.85
Cibic array dimension = 457.2 ecm (15 ft)

1 x2x1l 0.84k4 0.912 0.900 0.906
2 x2x1 0.882 0.941 0.920 0.908
1xlxl 0.818 0.880 0.899 0.89%
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Table 4 (Cont'd)

SystemMultiplication Factor for Concrete Thicknesses® of

Arrangement
of Arrays 10.16 cm 20.32 cm 30.48 cm L0.64 em
r=3.075 cm, m=2.399 kg Pu metal, N = 2399 kg
a, . = 22.86 cm, k, (water-reflected array) = 0.80
ciBic array dimension = 457.2 cm (15 ft)
1x2x1 0.792 0.855 0.854 0.843
2 x2x1 0.83k4 0.882 0.867 0.856
1 x1x2l 0.760 0.825 0.839 0.837
r=2.883 em, m=1.977 kg Pu metal, N_ = 1977 kg
a. = 22.86 cm, k (water-reflected array) = 0.75
ciBic array dimenfion = 457.2 cm (15 ft)
1 x2x1l 0.738 0.770 0.781 0.778
2 x2x1 0.776 0.822 0.812 0.796
1x1xi 0.713 0.773 0.780 0.793

Maximum standard deviation on computed multiplication factor is
+ 0.006.

Estimated by subtracting fissions due to transmitted neutrons in
1 x 2 x 1 array arrangement.
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Considering the results from the single array calculations of Table
4, one may conclude that concrete 12 to 15 cm thick is equivalent to a
20-cm~thick water reflector about an array. This is indicated for
U(93.2) and ®2°Pu in Fig. 4t where the average of the difference between
the values of keff with concrete and with water is given as a function
of the concrete thickness. Although the tabulated U(3O)O2 arrays exhibit
this effect, to a greater degree than U(93.2) metal, it is believed that
the results for the oxide may be biased high because the cubic array
dimension of 101.6 cm represents a dimension in the A-T calculation
which is known to cause a larger k_.. (about 2% in this case) than would

be determined by completely tracking neutron histories.

It may be seen from the data for the planar array arrangements that
reductions in the individual array multiplication factors lead to at
least an equal reduction in the system multiplication factors. These
results are sufficiently consistent to allow prediction of a change in
the reactivity of a system produced by a specified change in the reacti-
vities of the component arrays. It is interesting to observe that the
composition of the arrays constituting these various systems are widely
different but that the reactivity of corresponding systems are not
significantly different. There is, however, the evidential suggestion
that a larger gain in coupling reactivity may be associated with arrays
having smaller units (necessarily higher fissile material density arrays),
hence, larger numbers of neutrons being exchanged per unit surface area
between the arrays in a system. The observed reactivity changes, however,

do not exhibit a strong dependence on the array dimensions.

Displayed in the data of Table 4 is the apparent peaking of reacti-
vity corresponding to a concrete thickness near 20 cm. With greater
concrete thicknesses, the reactivity contribution by transmitted neu-
trons decreases and the resultant increase is due primarily to the

increased neutron reflection by the thicker concrete.

The importance of transmitted neutrons between coupled arrays
separated by less than 20-cm-thick concrete is suggested in Table L4 by
the three entries for the ag arrays of U(93.2). These eight-array,
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three-dimensional systems (2 x2 x2) point out that the contribution to
reactivity due to the transmitted neutrons can exceed that from reflec-
tion by thick concrete and also evidence the presence of appreciable
neutron transmission. Further evidence of these effects is recorded in
Table 5 for systems of larger numbers of coupled arrays. The latter
data are graphically sumarized in Fig. 5 for comprehensive assimula-
tion. The lines joining points of the same arrays are for clarity and

identification and are not intended to display a functional behavior.

Some measure of the importance of the concrete separating arrays
in a system is contained in the calculations reported in Table 6. The
U(93.2) metal arrays selected from Table 4 for these calculations are
identified by a,=12.70 cm, &), =19.05 cm, and ag= 30.48 cm. The arrays
comprising the planar systems separated by a 20.32-cm thickness of
concrete show that the maximum change in reactivities of the systems,
brought about by a removal of the concrete separating arrays, is less
than 3%, not always in the same direction. Larger reactivity changes
are observed in calculations of systems containing a 40.6k-cm thickness
of concrete. An additional check of the A-T treatment was made in the
calculations for the first array in Table 6 by repeating the calcula-
tion with complete neutron tracking in the concrete. The agreement of
the results are considered to be satisfactory. The results suggest that
a slight adjustment in array reactivity would permit two arrays to be
stored in a larger single concrete enclosure without compromising a

selected safety margin.

The response of the reactivity of a system of arrays to additional
reflection external to the concrete was examined. The results are pre-
sented in Table 7 where it is observed that the maximum increase in re-
activity occurs for the thinnest concrete, as expected. As the concrete
thickness is increased, the effect diminishes and is almost not dis-

cernible at 40.64 cm.

Finally, there was exploration of the effect on the reactivity of
two-array systems as the distance between the two arrays was increased.

These calculations are presented in Table 8 for 10.16-cm-thick concrete
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Table 5. Calculated Multiplication Factors for Concrete-Reflected and
Separated Planar and Cubic Array Arrangements.

Multiplication Factor of Systems Concrete Thicknessesof

Arrangement
of Arrays 10.16 20.32 30.48 L0.64
r=4.111 em, m= 5.460 kg U(93.2) metal, N_=1179 kg
8, =12.70 cm, k, (water-reflected) = 0785
Cubic array diménsion = 152.4 cm (5 ft)
1 x2x1 0.867 1.007 1.007 0.992
1 x3x1 0.893 1.018 1.018 0.999
1 xh xa 0.912 1.033 1.031 1.003
2 x2x1 0.946 1.055 1.030 1.006
3 x3x1 1.050 1.113 1.065 1.015
hxk x1 1.08k 1.143 1.069 1.02k
2 x2x2 1.075 1.135 1.070 1.018
3x3x3 1.276 1.222 1.11k 1.036
Lok x b 1.415 1.264 1.127 1.048
1x1lxl 0.790 0.943 0.975 0.977
r = 5.508 cm, m = 13.131 kg U(93.2) metal, N = 840 kg
a, = 30.48 cm, k £F (water-reflected array) = 0.85
Cubic array dimension = 152.4 cm (5 ft)
lx2x1 0.87k4 0.945 0.949 0.941
1 x3x1 0.886 0.958 0.952 0.939
1 xhbx1 0.902 0.979 0.957 0.949
2 x2x1 0.921 0.991 0.968 0.942
3 x3x1 0.971 1.01k 0.979 0.964
hoxh x1 1.020 1.037 0.991 0.962
2 x2x2 1.006 1.029 0.978 0.964
3 x3x3 1.161 1.089 1.017 0.967
boxch oy b 1.26k4 1.128 1.018 0.968
lx1lx1l 0.819 0.899 0.928 0.931
r= 5738 cm, m = 14.846 kg U(93.2) metal, N, = 7601 kg
ag = 30.48 cm, k (water-reflected array) = 0.85
Cubic array dimefision = 487.7 cm (16 ft)
1 x2x1 0.862 0.931 0.925 0.934
1 x3x1 0.882 0.948 0.946 0.924
1xhkxa 0.891 0.949 0.948 0.940
2 x2x1 0.917 0.962 0.951 0.936
3 x3x1 0.96k4 0.998 0.969 0.937
L x4 x1 1.004 1.009 0.968 0.932
2 x2x2 0.993 1.012 0.968 0.932
3 x3x3 1.109 1.058 0.989 0.950
hox bk x b 1.215 1.087 0.989 0.958
1x1x1l 0.815 0.891 0.905 0.924

a. Maximum standard deviation on computed multiplication factor is +0.006.
b. Estimated by subtracting fissions due to transmitted neutrons in the
1l x 2 x 1 array arrangement.
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Table 6. Calculated Multiplication Factors for Concrete-Reflected
Systems of Arrays Separated by Concrete.

Multiplication
Separating Factorbof‘Systems
Array Description Concrete?2 1x2x1 2x2x1
r=54.111 em, m= 5.460 kg U(93.2) 20.32 cm 1.007 1.055
a,=12.70 cm, k or (water-reflected None 0-986C l.O6l+c
array) >~0.85° None 0.983 1.052
r = 5508 cm, m = 13.131 kg U(93.2) 20.32 em 0.949 0.968
a, = 19.05 cm, k of (water-reflected None 0.947 0.997
array) = 0.85 ©
r = 5738 cm, m = 14.846 kg U(93.2) 20.32 cm 0.931 0.962
an = 30.48 cm, Kops (water-reflected None 0.946 0.987
array) = 0.85
40.64 em 0.934 0.936
None 0.957 1.013

a. Thickness of system reflector same as quoted separator thickness.

b. Maximum standard deviation for computed multiplication factors is
+0.006.

¢c. Value determined with neutron tracking performed in concrete.

Table 7. Comparative Calculated Mwltiplication Factors for Concrete-
Reflected and -Beparated Arrays when Externally Reflected.

r = 5.666 cm, m = 14.294 kg U(93.2), N, = 3088 kg
8, = 25.4 cm, L (water-reflected array) == 0.85
Cubic array dimension = 304.8 cm (10 ft) .

Multiplication Factor™ of System for
Concrete Thicknesses of
10.16 cm 20.32 ecm  30.48 em  L0.Ak cm

No external reflector 0.908 0.965 0.951 0.934
30-cm-thick water 1.019 0.985 0.951 0.938

a. Maximum standard deviation of computed multiplication factor is
+ 0.006.
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Table 8. Calculated Multiplication Factors for Two 10.16-cm-thick
Concrete-Reflected Arrays as a Function of Their Separation.

Concrete r, cm : L.111 3.869 5.738
Surface m, kg U(93.2): 5.460 4.551 14.846
Separation N, kg : 1179 083 7601
Between am, cm : =>=0.85 = 0.80 = 0.85
Arrays Clbic Array
(cm) Dimension, cm: 102.4 cm 102.4 cm 4L87.7 em
(5 ft) (5 ft) (16 ft)

Calculated Multiplication Factor

0 0.854 0.785 0.868

L 0.8L46 0.787 0.875
10 0.839 0.781 0.869
20 0.836 0.769 0.870
50 0.815 0.746 0.865
100 0.803 0.7hh 0.855
200 0.796 0. 741 0.839
400 -- -- 0.846
500 - -- 0.843
600 - - 0.838
o) 0.791 0.733 0.815

a. Maximum standard deviation on computed multiplication factor is
+ 0.006.
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surrounding each array. Beginning with the two reflected arrays in con-
tact their separation was increased to about the edge dimension of the
array. The reactivity for a single reflected arrays is included and
represents an infinite separation. It is apparent that very little
neutron coupling occurs when the separation of arrays is about equal to
the edge dimension of the arrays. It is apparent that if the concrete
thickness surrounding each of the arrays is increased and the effect of
concrete as a reflector about a single array is compensated, then the
reactivity of the coupled arrays will be less than that observed in
Table 8. It is to be noted in the ag array that a reduction of 5% in
the array reactivity resulted in a loss of about 6% in the reactivity
of the pair of arrays, consistent with the result observed in Table L.
One can establish, therefore, a safety margin for a single concrete
enclosed storage volume and can properly compensate for the possible
reactivity contributed from a second storage volume and by any other

fissile material in the vicinity.

In the absence of a reflector, the two arrays, ag and a8’ show very
little neutron coupling as a function of their separation. Within a
Akeff of +1%, there was no evidence of coupling at one meter separation.
The unreflected multiplication factors for these individual arrays were

0.584 and 0.731, respectively, while both had a keff of ~0.85 when

water reflected.
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REMARKS

Except for the units of intermediate 235U enriched uranium, the
results presented in Table 2 for all reflected arrays having an even
number of units have been determined by Monte Carlo calculations. The
calculations reported represent critical radii of spherical units and
serve as a point of departure for nuclear safety applications. It is

recommended that a minimum reduction of 5% in k (corresponding to a

5% reduction in the radius of the unit) be utiliizd as a margin of
safety to assure subcriticality. There is no reason to believe that a
similar reduction for the intermediate 225U-enriched-uranium arrays will
not also result in subcriticality with this margin. It should be clear
that each entry of Table 2 defines many other arrays of units of that
mass by means of Eq. (3) for either larger or smaller values of n subject
to the condition that n 2 4. Application %o values of n < 4 provably
results in conservative spacing but this is an area in need of further

investigation.

Using the Criticality Index Rule described in Ref. 1, any of the
units in any of the cells of the arrays described in Table 2 may be

combined into a reflected array of mixed units.

The simple correlation between the unit radius and computed array
multiplication factor provides a consistent method of assigning a maxi-

mum expected array k The consistency is demonstrated in the numerous

tabulations of calcuiiied results for the effect of concrete in arrays.
The totality of these correlations indicates that the array multiplica-
tion factor is principally controlled by the mass of the unit and that
one may compensate for a known or estimated increase in array reactivity,
resulting from a change in some basic storage condition, by an appro-

priate reduction in the mass of the units.

The calculated data for concrete as a reflector about arrays indi-
cated that a thickness between 12.7 and 15.2 cm is equivalent to a 20-
em-thick water reflector. The calculated data also suggest that the
effect of concrete as a reflector of plutonium systems is less than on

comparable uranium systems.
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Coupled arrays separated and reflected by concrete cannot be con-
sidered as isolated even for thicknesses as great as 40 cm. The reacti-
vity contribution of the neutron coupling of several arrays is indepen-
dent of the reactivity of the individual arrays in the system. The mul-
tiplication factor for a system responds to a change in the reactivity
of the constituent arrays as the single arrays respond to a change in
the reactivity of the constituent units. The magnitude of the gain in
reactivity due to neutron coupling is dependent upon the concrete thick-

ness and the number of arrays in a system.
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APPENDIX A
MONTE CARLO CAILCULATIONS

There is a need to establish the credibility of the criticality
data generated by any calculational method if they are to have practical
application. Confidnece in the Monte Carlo method used in this study
is established in this appendix by comparison of calculations with cri-
tical experiments data. In general, two basic requirements should be
met before computed results are acceptable. The first concerns the
mechanics of the code. Verification that the code correctly specifies
the intended mathematical operations and that the computer properly
executes the code is usuwally accomplished by checks which are an inte-
gral part of the program or by appropriate test problems. The second
requirement is for authenticated nuclear data as computer input.
Nuclear cross-section sets should be checked for consistency with dif-
ferential cross-sections and with integral data from representative
well-defined experiments. Having once met these two requirements, the
application of the code and its input data may be augmented by additional
information; less well defined information, if so doing introduces
greater similarity between the referenced experiments and the problem
to be solved. These further explorations may establish biases and
better define the areas of applicability of the method. It is believed
that the KENO Monte Carlo code and the Hansen-Roach 16-group neutron
cross-section sets constitute a validated computational method for the

study of uwniform arrays.

There follows a comparison of the computed and experimental results
from a variety of assemblies in which different forms of both fissile
and nonfissile materials were utilized. It is to be realized that
many of the fissile materials reported in the text do not appear in
this collection because simple critical experiments unencumbered by

structures and diluents have not been performed.



L2

Stratton®' 7 has correlated the results of critical experiments and
of their calculations by neutron transport theory using the Carlsen®:?®
codes and the Hansen-Roach® l6-group neutron cross-section sets. The
result of this effort is an excellent recording of the biases of the
cross sections when used to compute systems with the three principal
fissile materials in a variety of configurations and other materials.

The benchmark!® problem of Godiva I, which was a U(93.8) metal
sphere having a mass of 52.28 + 0.16 kg at a density 18.75 g U/cm3, was
calculated by the KENO code. The experiment was described in the code
as an unreflected sphere of U(93.8) at a density of 18.74 g U/em® having
a radius of 8.71 cm and resulted in a neutron multiplication factor of
0.99525 & 0.00072. The standard deviation resulted from the tracking of
3.29 x 10® neutrons.

Given in Table A-1 are the computed neutron multiplication factors
for a series of experiments!? with subcritical cylinders of U(93.2)
metal. The cylinders were spaced in three dimensions having an equal
number along each edge of a near cubic array. The description of an
average unit in the array is given, followed by the measured spacing
required for criticality and the calculative result. The arrays were
constructed with and without a 15.2-cm-thick paraffin reflector. Shown
in Table A-2 is a collection of data for experimental arrangements with
an unequal number of cylinders along each of the three dimensions of an

array and their computed results.
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Table A-1. Description of Critical Experimental Cuboidal Arrays of U(93.2) Metal Cylinders at a Density of 18.76 g U/cm3
and the KENO Computed Multiplication Facto»s.

Unit Description Unreflected Arrays Reflected Arraysc
Half . _ KENO Half . N KENO
Radius Height Mass Cell Dimensions 0 3 Computedb Cell Dimensions ) 3 Computed
r (em) h (cm) (kg U) 8,08, em) &, (cm) (g Ufem>) Kopp 8,8, (cm) &, (cm) (g U/em”) Kepe
n =n =n =2
X Yy z
S.T4T 8.077 15.694 6.198 k.kgo 11.37h 0.990 9.658 7.950 2.645 0.999
5.732  10.765 20.805 6.841 6.491 8.562 0.992 - - - -~
5.753 10.765 20.960 6.877 6.507 8.514 0.995 11.746 11.376 1.669 0.999
5.753 10.765 20.960 6.752 6.752 8.513 0.984 -~ -- - -
5.755 13.459 26.218 7.526 8.501 6.806 1.000 13.944 14,919 1.130 0.992
5.755 13.hk59 26.218 7.889 7.889 6.675 0.996 - -- -- --
5.753  5.382  10.480 - - -- - 7.601 k.539 4.995 1.003
4.558 8.641 10.507 - -- -- -- 6.712 6.475 4,503 1.000
nx = ny = nz - 3
5.755 5.382 10.484 6.758 3.695 7.767 0.985 10.099 7.036 1.826 1.000
4,558 8.641 10.489 5.776 5.539 7.096 0.993 9.275 9.038 1.686 0.999
5.745 8.077 15.683 7.847 6.141 5.185 0.999 12.842 11.136 1.067 0.992
5.742  10.765 20.877 8.924 8.56k 3.827 1.002 15.316 14 .956 0. 74k 0.999
5.742  10.765 20.877 8.801 8.801 3.828 0.988 -- -~ -- --
5.743  13.4k59 26.113 9.990 10.977 2.980 0.983 18.239 19.225 0.510 0.998
n,=n =n = b
5.7405 5.382 10.434 7.7165 4 .667 L.6933 0.986 11.9205 8.871 1.035 1.007

&

a. Experimental errors of d%mensions are + 0.013 cm for unreflected arrays and + 0.026 cm for reflected arrays.
b. Calculations for 30 x 10° neutrons, giving standard deviation less than + 0.006 for all values.
c. Paraffin reflector thickness is 15.2 cm having a density of 0.93 g/cm’.
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Table A-2. Description of Unreflected Noncuboidal Critical Experimental
Arrays of U(93.2) Metal Cylinders at a Density of 18.76 g
U/cm® and the KENO Computed Multiplication Factors.

Half Cell
. . a
Unit Description Arrange- a D;mens;ons — KENO

Mass ment X’y z e Computed
r (em) h (em) (kg U) nm.n, (em) (cm) (g U/cm®) K op
5.744  10.765 20.896 L4 L 1 6.502 6.141 10.059 0.992
5.7 10.765 20.896 3 3 1 6.073 5.712 12.400 0.991
5.744  10.765 20.896 3 32 8.065 7.703 5.212 0.995
5.7 10.765 20.896 22 L4 7.698 7.336 6.008 0.992
5.74k  10.765 20.896 2 L4 2 7.690 7.328 6.027 0.998
5.753 5.382 10.480 224 6.428 3.365 9.422 0.990
5. 7h7 5.382 10.458 3 3 5 7.468 L.k412 5.313 0.994

a. Experimental error for cell dimensions £ 0.013 cm.
b. 30 x 10°® neutrons gave a standard deviation of + 0.005

2 uranium metal cylinders having

In another series of experiments,*
an average diameter of 11.494 cm, a height of 8.077 cm, and a mass of
15.692 kg were each placed in a graphite block and arranged in an 8-unit
cuboidal array. The measured criticality parameters and the calculated
k_pp 8re reported in Table A-3. The graphite blocks (o = 1.766 g/cm®)
were stacked in contact as a 2X 2 x2 arrangement on top of a low-density
aluminum framework. The experimental keff has been corrected for the
support structure. The 15.2-cm-thick polyethylene reflector, the last
two entries, was located at the boundaries defineéd by the reported half-
cell dimensions.

The calculations of a series of experiments®® utilizing 223U
aqueous nitrate solution in reflected and unreflected arrays is sum-
marized in Table A-4. The nitrate solution contained 333 g U/liter, had
a specific gravity of 1.468, and corresponded to an H:®33U atomic ratio

of 73. The isotopic content of the uranium was 97.5% wt % 233U; 6.47

12. E. C. Crume and J. T. Thomas, Trans. Am. Nucl. Soc. 12, 36 (1969).

13. J. T. Thomas, Trans. Am. Nucl. Soc. 10, 538 (1967). —




b5

Table A-3. Experimental and Calculated Criticality Conditions for
Eight-Unit Arrays of U(93.2) Metal Cylinders in Graphite.

a Polyethylene X

Half-Cell Dimension Reflector eff ,

(cm) Thickness b KENO
oy a, (cm) Experimental LN
18. 54 15.50 0 0.996 + 0.001 0.997 + 0.003
16.00 12.95 0 0.993 + 0.001 0.993 + 0.005
13.46 10.43 0 0.990 + 0.001 0.994% + 0.005
20.13 17.08 15.23 0.9995 + 0.000%  1.006 + 0.005
17.59 14,56 15.2 0.9995 + 0.0004  1.002 + 0.005

a. Errors on measured dimensions are # 0.0l cm for unreflected arrays
and + 0.02 cm for the reflected arrays.

b. Based on an assumed B of 0.007.

c. Graphite blocks have dimensions given in second entry of table.

d. Graphite blocks have dimensions given in third entry of table.

Table A-4. Experimental and Calculated Criticality of Unreflected
and Reflected Cuboidal Arrays of ©33U Uranyl Nitrate

Solution.
Polyethylene Average
Number Reflector Half-Cell Uranium KENO
of Units Thickness Dimensions (cm) Density K
in Array (cm) By a, (g/ cm®) eff
8 0 10.22 9.56 0.179 0.981 + 0.006
27 0 12.86 12.29 0.088 0.937 + 0.006
8 15.2 15.98 15.18 0.046 1.000 + 0.006
27 15.2 20.52 19.29 0.022 0.995 + 0.006

ppm 232U; and 1.047, 0.026, 0.001, and 1.386 wt % for the 22%y, =35y,
238y, and °38yU isotopes, respectively. The solution comprising a unit
was contained in a 0.25-mm-thick stainless steel cylinder having an out-
side diameter of 18.28 cm and an external height of 17.67 cm. The con-
tainers had a capacity of 4.63 liters but contained only 4.30 liters of

solution determined by weight.
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Critical experiments with plutonium metal cylinders arranged in
three dimensional arrays were conducted at the Lawrence Radiation lLabo-
ratory*®'*®  Two of the assemblies are described in Table A-5 along
with their calculated neutron multiplication factors. The nominal 3 kg
Pu cylinders were contained in aluminum cans. The details of the assembly

are given in Ref. 15. The support structure was considered in the

calculation.

Table A-5. Experimental and Calculated Criticality of Plutonium
Metal? Arrays.

Number of

Units in Half-Cell Dimensions (cm) KENO
Array ax,ay aZ keff
23 2.70 3.65 0.996 + 0.003
23b 2.87 3.82 0.992 + 0.004

a. Plutonium Unit: 3.026 kg Pu at 19.54 g/cm®, radius and height are
3.265 and 2.315 cm, respectively. The isotopic content of the
plutonium was 93.56 wt % *3°Pu, 5.87 wt % 2%°Pu, 0.46 wt % 241py,
and 0.0l wt % ®*®Pu. See Ref. 15 for assembly details.

b. One side of the array was reflected by a polyethylene slab 45.0 cm
high by 34.3 cm wide by 20.2 cm thick and was not placed at the
cell boundary but was spaced 0.43 cm from the surface of the
plutonium.

Calculations of Systems Containing Concrete

Although the albedo of concrete is greater than that of water, it
also has a greater transmission for neutrons. This latter property is
of particular concern since it can result in greater neutron coupling
between adjacent arrays when separated by structural thicknesses of

concrete than by water.

14. H. F. Finn and N. L. Pruvost, "Livermore Plutonium Array Program,"
Proceedings of the Livermore Array Symposium, CONF-680909, p. 108
(1968).

15. J. R. Morten III, et al., "Summary Report of Critical Experiments
Plutonium Array Studies, Phase I," UCRIL-50175, Lawrence Radiation
Laboratory (1966).
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The number of critical experiments utilizing concrete as a material
is not very large. It is unfortunate that none of the experiments pro-
vides a sensitive measure of the influence of transmitted neutrons on
the multiplication factor of the assemblies, although its superiority
as a neutron reflector is clearly demonstrated. Experimental data are
necessary to establish the reliability of the calculative methods. It
does not follow that if the multiplication factor observed experimental-
1ly is reproduced by the calculation, the neutronics in the calculation
have been properly handled. However, the reliability of relative com-
parisons that may be made among a set of the calculations will be aug-
mented. An additional difficulty, considering the applicability of
such calculations to nuclear criticality safety, is the difference in
compositions of concrete encountered in locales. It would be a tremen-
dous task to describe the various concretes used throughout the country
and more difficult still to explore and catergorize those properties
significant to criticality calculations. To circumvent these diffi-
culties, "Oak Ridge concrete'" was adopted as the reference material
used in the calculations. This "concrete" has been extensively used in
shielding experiments and their calculations and is adequately described
in the literature.™®

The ability of the KENO Monte Carlo code, ubtilizing the Hansen-
Roach 16-group neutron cross-section sets, to reproduce the multiplica-
tion factor of experimental assemblies having concrete as a material is
summarized in Tables A-6 and A-7. One series of experiments conducted
at the Ios Alamos Scientific Laboratory,'’ used U(93.2) metal discs of
26.67-cm radius in contact with and separated by 20.3-cm-thick concrete
68.5 cm in radius. The calculations are summarized in Table A-6. In-
terpreting the calculative results at 95% confidence level and that the
calculation employed properties of Oak Ridge concrete in place of those

of the éexperimental concrete result in a favorable comparison.

16. R. BE. Maerker and F. J. Muckenthaler, Nucl. Sci. Eng. 26, 340
(1966). =
17. T. G. McCreless et al., Trans. Am. Nucl. Soc. 8, Lkl (1965).
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Table A-6. KENO Monte Carlo Calculated Critical Experiments of U(93.2)
Metal Discs of 26.67 cm Radius Separated by Concrete.

b
Thickness of Material (cm) KENO Computed

5y " ts Kerr
2
[ Ureniwm 0.00 20.3 L.58  0.979 = 0.005
Concrete éa 2.40 20.3 4. 43 0.993 £ 0.006
Uranium 2.70 20.3 4. 40 0.988'¢ 0.005
33

a. Concrete was 68.5 cm radius at a material density of 2.13 g/cms;
unspecified composition, from Ref. 16.
b. Concrete assigned properties of Oak Ridge Concrete.

¥
-
;
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Table A-7. Experimental and Calculated Criticality of an Aqueous
Plutonium Nitrate Sphere Reflected by Concrete.l®

Computed ke

ff
KENO ANISN
Qak Ridge Portiand Oak Ridge Portland
Cross-Section Sets Concrete Concrete Concrete Concrete
Pu-293, Pu-240 1.0010+ 0.0057 1.0096+£ 0.0053  1.0177 1.0176

Pu-239-13, Pu-240-16 1.0222+0.0061 1.0074+0.0060 1.0196 1.0196

Material Atomic Number Densities (x 10°%)
29.6 g Pu/cem® as

25.4 cm Thick Concrete Pu (NO )u Sphere of
Oak Ridge Portland Common 14.698 cm Radius
Element 2.13 g/cm® 2.35 g/cm® Element N
H 8.51-3 1.386-2 H 6.3264-2
c 2.021-2 -- N 1.1467-3
0 3.560-2 4.608-2 0 3.4770-2
Na. -- 1.747-3 239py 7.120-5
Mg 1.880-3 - 240py 3.400-6
A1 6.000-4 1.715-3 0.112-cm-thick
stainless-steel
shell
Si 1.680-4 1.663-2 Cr 1.674-2
Cu 1.112-2 1.521-3 Fe 6.408-2
Cr - 3.700-k4 Ni 6.590-3
Fe 1.700-4 --

18. R. C. Lloyd et al., Nucl. Sci. Eng. 25, 165 (1966).
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An experiment condﬁcted at Battelle Northwest Laboratory used con-
crete as a reflector about a sphere of plutonium nitrate solution.
Portland common concrete at a density of 2.30 g/cm® having a thickness
of 25.4 cm was used. The experiment, materials, and calculations are
described in Table A-7. The calculation was performed by the ANISN
code as well as KENO and for two cross-section sets. The results are
considered to be in good agreement.

Accepting the combination of the Monte Carlo code and the Hansen-
Roach neutron cross-section sets as producing valid multiplication fac-
tors representative of criticality, there remains a need to reduce the
computing time characteristically encountered when hydrogenous materials
are present in a computation. The differential albedo technique devel-
oped and first applied to water reflectors in criticality calculations®®
was extended to finite thicknesses of concrete. It was first necessary
to determine the information required to give proper consideration to
the fraction of neutrons transmitted through various thicknesses of
concrete. The combination of neutron albedo and transmission effects
resulted in an albedo-transmission (A-T) approach that treats as rigo-
rously as possible the neutron transport through a moderator without
actually performing the neutron tracking each time a neutron enters the
moderator. There are two assumptions which can influence the accuracy
of the calculation. The first assumes that the moderator be a rectangu-
lar parallelepipedel shell at the exterior of the cell. The second,
that the thickness of the shell is sufficiently small with respect to
its other dimensions to assure that the radial dispersal of a neutron,
either being reflected or traveling through the shell, will be small.

If these two conditions are met, other necessary assumptions do not
significantly affect the results.

The information needed to carry out the A-T calculation is generated
with a one-dimensional Sn-type calculation. The "fixed source" option
is used with a source neutron incident at the left boundary of a slab of

the moderator material at given polar angle and with a given energy.

19. G. E. Whitesides and J. T. Thomas, Trans. Am. Nucl. Soc. 12, 889
(1969). =
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The source is normalized to one source neutron incident on the slab and
the code produces the angular and energy distribution of neutrons which
return from the slab and the similar distributions of those traversing
and exiting at the right boundary of the slab. Since the input source
is one neutron, the integral over the outward angles and energy at the
left boundary gives the probability that a neutron will return from the
slab. A similar integral at the right boundary yields the probability
that a neutron will pass through the slab. Information generated for
neutrons entering at all angles and all energies forms a table of pro-
babilities used in the A-T calculation.

A special version of KENO was written which allows the A-T‘treat-
ment to be applied to arrays of fissionable systems in such a manner as
to allow the calculation of arrays of subarrays with a specified thick-
ness of a given interspersed moderator between the subarrays. The sub-
arrays may consist of any number of units in each coordinate direction
while the array may have any number of subarrays in each coordinate
direction. The special version of KENO also permits the simulation of
an external reflector around the array by means of the albedo portion
of the A-T treatment. The external reflector need not be the same
material as the interspersed moderator.

The validity of the A-T technique was established by a comparison
of KENO calculations made with actual neutron tracking in concrete to
those employing the A-T data. A 27-unit subarray of U(93.2) metal cy-
linders each having a radius of 5.76 cm, equal height and diameter, and
a mass of 22.5 kg U was enclosed in 4-, 8-, and 12-in.-thick concrete.
Fach system of these subarrays was representative, then, of volumes
separated and reflected by concrete of equal thickness. The arrange-
ments considered and the results of the comparative calculations are
presented in Table A-8. The A-T technique appears to be quite acceptable

in reproducing the actual tracking results and is 3 to 10 times faster

depending upon the concrete thickness employed.
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Table A-8. Comparison of Computed Array Multiplication Factors
Utilizing Actual Neutron Tracking in Concrete and the
Albedo-Transmission Representation for Various Concrete
Thicknesses.

Subarray: 27-unit array of 22.5 kg U(93.2) metal cylinders,
r=5.76 cm, h=2r centered in 42.66 cm cubic cells.

Effective Array Multiplication Factor
Subarray Albedo-Transmission Actual Neutron Tracking

Arran ' k g 103 k 108
gement off X 1 off O X

hoin.-thick Concrete

1x1x1 0.897 9 0.901 8
1L x2x1l 0.92k 6 0.929 L
2 x2 x2 1.050 6 1.052 Ly
OO X OO X OO 1.530 6 1. 560 8
2 x 2 x 2% 1.130 7 1.120 5
8-in.-thick Concrete
1x2x1 0.999 5 0.999 L
2 x2 x1 1.031 Ly 1.033 5
2 x2 x2 1.073 5 1.078 Iy
CO X CO X 0O 1.220 6 1.223 b4
2 x2 x 22 1.077 5 1.085 7
12-in.-thick Concrete
1x2 x1 0.996 5 0.99% L
2 x2 x1 1.005 6 1.018 4
2 x2 x2 1.025 6 1.025 4
CO X GO X OO 1.092 7 1.082 k
2 x2 x o8& 1.032 5 1.031 6

a. These arrays were additionally reflected by 15-cm-thick paraffin.
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APPENDIX B

NB%—METHOD AND APPLICATIONS

It has been observed''®' 2% from both experiments and Monte Carlo
calculations that cuboidal arrays, of identical units, having the same
neutron multiplication factor may be related by the product oi the num-
ber of units in an array, N, and the simple geometric buckling for cubic
geometry, Bﬁ.

The following simple heuristic reasoning based on a monoenergic
neutron behavior suggested the constancy of product NBﬁ for a given
fissile material. In unreflected assemblies of subcritical units one
is dealing entirely with leakage neutrons when adjusting spacing and
number of units to criticality. The achievement of criticality estab-
lishes a balance between the fraction of neutrons abéorbed in the fis-
gsile material and that fraction lost to the assembly by leakage. This
balance must persist in an assembly of N-units as it does for a single
unit of the fissile material having the same multiplication factor.
Now, in a system with large N, the average fissile material density,

0, is correspondingly small. Were such a large system homogenous, the
neutron production factor per unit volume would be uniform and the
multiplication factor would be expressible as the product of the pro-
duction term and a term representing the neutron nonleakage fraction.

A large homogeneous system at low density reasonably may be expected to

have its neutron nonleakage fraction expressible as

1
1+ M3 Bf

where B§ is a geometric buckling and M% is a neutron migration area for

the fissile material. A consequence of these assumptions is that two

different systems having the same neutron leakage fraction would have

20. J. T. Thomas, "Criticality of Large Systems of Subcritical U(93)
Components,' ORNL-CDC-1, Oak Ridge National Laboratory (1967).
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My By = My By
The migration area can be shown to have a dependence on the density,
expressible as an inverse square law. In systems where the fissile
material is lumped‘into units, however, the examination of the depen-
dence of N on the average fissile material density, p, for experimental
and calculated arrays indicate that the density exponent, s, asympto-
tically approaches a value of minus 2 as a limit. If, finally, the
assumption is made that the migration area has the same density depen-
dence as does N, because of discrete units instead of homogeniety, then

it follows that

where ¢ is a dimenéional constant that is taken as unity (since the in-
tended application is relative rather than absolute). The resulting
conclusion is that two different assemblies of the same units have

NEY = N'EL,

This relation is verified by the set of four unreflected critical
experimental arrays utilizing five-liter volumes of U(92.6)02(NO3)2
solution.®! Any two of the arrays determine the constants NB% and the
result is a favorable correlation of the set of experiments. This set
of experiments is sufficient also to demonstrate that the simple direct
equating of geometric bucklings of the arrays does not relate the cri-
ticality of different numbers of units.

The constants necessary for the application of the NB§ method hawve

1:5,20422 513 used to

been determined from other experimental arrays
describe still different arrays which, in turn, were computed by vali-

dated Monte Carlo codes.

21. J. T. Thomas, "Critical Three-Dimensional Arrays of Neutron-Inter-
acting Units," ORNL-TM-719, Oak Ridge National Laboratory (1963).

22, J. T. Thomas, "The Effect of Unit Shape on the Criticality of
Arrays," ORNL-CDC-4%, Oak Ridge National Laboratory (1967).
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Water-Reflected Cubic Arrays

A number of interesting results derive from the constancy of NB§

when fixed cell sizes are considered. Beginning with the expression

for cubic arrays,

37° n®

NBY = —————— (B1)

2
(Eann + 2)\)

which implicitly contains a complete physical description of the array
configuration, the denominator is the square of a dimension of an ex-
tended edge of the array displayed as the number of cells, n, times the
cell dimension 2an plus twice a parameter, A, normally interpreted as
an extrapolation distance of the array. Equation (Bl), then, describes
a volume occupied by n® units spaced on 2an centers. Unlike the
typical problem: given units of radius r of a particular fissile
material find the number reguired for criticality as a function of the
spacing, the problem from the present viewpoint is to find the unique
radius, r, of the unit that will result in criticality for the otherwise
specified system. Clearly, the value of the coupled constants NBE and
A, can have no dependence on the fissile material producing the desired
multiplication factor. These constants are singularly geometry depen-
dent subject to the correlating constraint of a chosen multiplication
factor for the arrays, which, in turn, is a function only of the radius,
r, of fissile material.

The constants, NBE and A, are determined from any two systems of
the same units having the same array multiplication factor, either ex-
perimental or calculated by a validated method. Other arrays of dif-
ferent N, then, will have spacings given by Eq. (Bl) and the evaluated
constants. The procedure may be carried out for units of various masses
to characterize the fissile material at the chosen value of keff' In
addition, the characterization of systems described by Eq. (Bl) also
is obtained, i.e., an implicit prescription of necessary adjustments to
the neutron leakage fraction for corresponding changes in N and a - The
fixed geometric pattern relating N and an may be exhibited by rewriting

Eq. (Bl) as
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L szBﬁ
l - _ . (BE)

N 2
L a2 A 3n°N

Since there is no dependence on the type of fissile material, the

A2 NBZ | B

quantity __§ > can depend only on N. The impli-
372N

cations, then, are that szBﬁ must be a constant or its influence in de-

termining spacings is negligible. This disjunctive is probably not

easily resolved because the data under consideration are derived by

statistical processes.

It seems unnecesgary but it will be remarked that Eq. (B2) is not °
an approximation to Eq. (Bl).

Equation (B2) states that for a constant n, the parameter NBﬁ
varies as the inverse square of the half dimension of the cubic cell as
is shown in Fig. 2 of the text for the data from Table 1. Presented in
Table B-1 are data from Table 2 of the text giving the number of units
and associated constants defining criticality for metal spheres of
U(93.2), Pu(100)® and 223U  The values given for \ have been evaluated
from Eq. (B2) and provide the average value for the product of 3® and
NB; as N

\°NBY = 0.720 % 0.00k .

Equation (B2) may be written, therefore, as

Npz2 - 3%n (1 - —9—)2 (B3)

4\® NBY

3x®

= 0.312 + 0.001 .

SNotation Pu(x) indicates the plutonium contains x wt % *3°Pu and
(1L - x) wt % **°pu.
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Table B-1. Array Constants NBZ and A Determined for Water-Reflected
Arrays Calculated lgy KENO Monte Carlo Code. The cor-
responding computed critical sphere radii for these three
fissile materials are given.

U(93.2) U-233  Pu-239

Number of o (g/om®) 18.76  18.40  19.70

Units Half-Cell Array Constants ro (em): 8.77 5.89 4.90
Along an Dimension Ratio of Radii of Critical Unit
Array Edge a (cm) NBZN(cm—z) A (ecm) to Single Critical Sphere rc/ro

4 12.7 0.1695  2.07 0.606 0.684 0.749

6 12.7 0.2638  1.65 0.542 0.622  0.69k4

8 12.7 0.3571  1.k2 0.ko9 0.580 0.648

10 12.7 0.4h99  1.27 0.467 0.5k 0.606

4 15.24 0.1177 2.48 0.658 0.742  0.800

6 15.2k 0.1832  1.98 0.600 0.676  0.743

8 15.2k 0.2480 1.70 0.549 0.637 0.700

10 15.24 0.3125 1.51 0.513 0.596 0.665

4 19.05 0.0754  3.07 0.738 0.804  0.854

6 19.05 0.1172  2.50 0.662 0.746  0.799

8 19.05 0.1587 2.13 0.619 0.699 0.760

10 19.05 0.2000 1.88 0.581 0.667 0.730

L 22.86 0.0523  3.73 0.78k4 0.851  0.901

6 22.86 0.081% 2.99 0.721 0.791 0.848

8 22.86 0.1102 2.57 0.670 0.759 0.813

10 22.86 0.1389 2.25 0.6k2 0.720  0.784

L 25.4 0.0b2u  L.13 0.816 0.879 0.910

6 25.4 0.0660 3.24 0.754 0.818 0.873

8 25.k 0.0893 2.85 0.712 0.796 0.841

10 25.4 0.1125 2.51 0.669 0.707  0.800

L 30.48 0.0294%  5.02 0.857 0.916 0.935

6 30.48 0.0458  3.96 0.807 0.868  0.893

8 30.48 0.0620 3.hko 0.763 0.825  0.87k

10 30.48 0.0781  3.06 0.731 0.80k  0.854

L 4o 0.0171 6.45 0.906 _— _—

L 60 0.0076  9.67 0.955 -- -

i 100 0.0027 16.57 0.980 - -
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The constant C in Eq. (B3) reproduces the lines shown with the data in
Fig. 2 of the text. The constant is considered as being applicable to
calculated arrays having spherical units and having neutron spectra
representative of the arrays described in Table 2. The application of
Eq. (B3) to other arrays and unit shapes or to other neutron spectra
should be examined by Monte Carlo calculations to verify the result,
i.e., the present demonstration does not, a priori, validate its appli-
cation to other array configurations, unit shapes, or neutron spectra.
Although the method may be used with arrays having n = 2 or 3 to
define the necessary constants, it is not considered prudent to infer
parameters for arrays having high fissile-material density from values
based on calculations for n = k. The foregoing discussions have con-
cerned water-reflected arrays with n =2 L. Similar treatment of unre-

flected arrays may be made.

Neutron Multiplication Factor Constraint

A result of Eq. (B3) is the elimination of the need to determine
the separate constants NBE and A. A single calculated array of spheres
of given properties serves to define other arrays of different numbers
of the same units. Equation (B3) applied to two arrays of the same

unit may be written as

a = a ;? (ﬂ@i:;ll.) (Bk)

where a, is the half cell dimension of the known array. The use of
this rel8tion with any entry of Table 2, for example, is sufficient to
define other water-reflected arrays of the specified unit.

Consideration has been given thus far to arrays having neutron mul-
tiplication factors of unity, except for the few cases shown in Fig. 3
that established the influence on the multiplication factor of reductions
in the radius of the unit. The application of Eq. (BY) to subcritical
arrays will now be demonstrated, thus removing the constraint requiring
array criticality. As stated previously, the only constraint on Eq.

(B1) and the subsequent results is that arrays have the same neutron
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multiplication factor. The results for arbitrarily chosen subcritical
arrays are summarized in Table B2. The reference arrays where selected
from those given in Fig. 3 and the spacing a, of the same units in
arrays of different size were determined by Eq. (B4). These spacings
and the corresponding KENO-calculated multiplication factors are given
in the right hand column of the table. 1In view of the statistical
results there is no apparent reason to restrict the application of the
NBﬁ-method to arrays having multiplication factors of unity. The radius
of the unit alone determines the array multiplication factor while Eq.
(B4 ) appears to properly characterize the leakage fraction for arrays

of the same units.

Table B-2. Validation of Neutron-Multiplication-Factor Constraint in
2 Method by Monte Carlo Calculations of Water-Reflected

Arrays.

Sphere N, Reference Array N-Array from Eq. (B4)

f}iiiiﬁl ?a%iiﬁ amo (em)  koppox10° a  (cm) Keppt 0 x10°
?;;gpg ) Z.zi3 a; = 19.05 0.6606 6.6 2100 = 79.43 0.649g 7.2
241 ag =19.05 0.8901L T.2 a = T79.43 0.8955 6.2
239py Metal 3.724 8) = 15.24  0.9427 5.2 a; = 19.01 0.9344 5.2
ag = 22.12 0.9439 5.0
8,5 = 24.83 0.9463 5.8
U(93.2) Metal 6.4h4k 8, = 25.4 0.9075 5.7 85y = 93.37 0.9048 5.0
5.012 8) = 25.4 0.7079 5.2 g, = 93.37 0.6991 k.9
?;;iﬁog o) L. ys51 ag = 15.24  0.8787 6.5 8160 = 54.62 0.8559 6.3
- 4.036 ag = 15.24  0.7819 6.0 8100 = sh.62 0.7613 5.1
3.532 ag = 15.24  0.6633 k4.9 a5, = 38.60 0.6689 5.4

2.523 ag = 15.24  o.hlhik 5.0 a5y = 38.60 0.4346 k.9




